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ABSTRACT

We establish central limit theorems for principal eigenvalues and eigenvectors under divergent spiked
covariance models, and develop three two-sample tests for testing (a) the equality of principal eigenvalues,
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(b) the stability of eigenvalue proportions, and (c) the invariance of principal eigenvectors. One important

application of our results is to understand structural breaks in large factor models. That is, when a structural
break s suspected or detected, these tests provide unique insights into the source, determining whether the
structural break stems from altered factor strength (eigenvalues), a shift in the factors' relative importance
(eigenvalue proportions), or a fundamental factor reorientation (eigenvectors). We demonstrate the appli-
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cation by analyzing daily returns of S&P 500 stocks, revealing that major historical structural breaks, such as test
the 2008 financial crisis and the 2020 pandemic, were complex events characterized by simultaneous shifts

in factor strength, relative importance, and orientation. Supplementary materials for this article are available

online, including a standardized description of the materials available for reproducing the work.

1. Introduction

The spiked covariance model, introduced in Johnstone (2001),
provides a pivotal framework for analyzing high-dimensional
data. Its core principle is to separate the total variance into
two distinct components: a few “spikes” and a “bulk” of noise.
Each spike, along with its corresponding eigenvector, repre-
sents a significant source of systematic variation or a strong
underlying factor. For instance, in finance, these spikes could
correspond to market-wide movements, while in genetics, they
might represent the influence of specific ancestry groups. Recent
research works on the spiked model include Wang and Fan
(2017), Cai, Han, and Pan (2020), Fan, Wang, and Zhu (2021),
Bao et al. (2022), Zhang, Cai, and Wu (2022), Yan et al. (2024),
Li et al. (2024), among others. In particular, Zhang, Cai, and
Wu (2022) and Yan et al. (2024) investigate respectively the
estimation and inference of heteroscedastic PCA under the
nearly minimum signal-to-noise ratios, but it is studied under
the cross-sectionally independent idiosyncratic noise assump-
tion. Recently, Fan, Yan, and Zheng (2024) develop new tech-
nical tools to remove the independent idiosyncratic noise, but
requires sub-Gaussian assumption. Robustification of PCA has
been studied by Fan, Wang, and Zhu (2021) and Wang and
Fan (2025) under a more general setting such as the matrix
completion, but they also assume cross-sectionally independent
idiosyncratic noises.

An important class of spiked covariance models is factor
models, which have been widely adopted in many disciplines,

most notably, economics and finance. Some of the most famous
examples include the capital asset pricing model (CAPM, Sharpe
(1964)), the arbitrage pricing theory (Ross 1976), the approxi-
mate factor model (Chamberlain and Rothschild 1983), and the
Fama-French three-factor model (Fama and French 1992).

The statistical analysis of both spiked covariance models
and factor models fundamentally relies on Principal Compo-
nent Analysis (PCA). One key inferential task, determining the
number of factors, is equivalent to identifying the number of
principal eigenvalues (Bai and Ng 2002; Onatski 2010; Ahn
and Horenstein 2013). Furthermore, the estimation of factor
loadings and the factors themselves depends on the principal
eigenvectors (Stock and Watson 1998, 2002; Bai 2003; Bai and
Ng 2006; Fan, Liao, and Mincheva 2011, 2013; Wang and Fan
2017).

In high-dimensional settings, Fan, Liao, and Mincheva
(2013) establish a crucial theoretical link, demonstrating that
factor analysis is asymptotically equivalent to PCA. Their work
shows that under a “pervasiveness" condition, the space spanned
by the principal components is asymptotically indistinguishable
from the space spanned by the factor loadings; see Propositions
1 and 2 therein for the precise statements.

While factor models offer a parsimonious representation of
high-dimensional dynamics, their estimation via PCA typically
rests on a critical assumption: the time invariance of factor load-
ings. Inconsistent estimates arise if this assumption is violated.
However, parameter instability is a pervasive feature of eco-
nomic and financial time series, often driven by policy regime
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shifts, technological shocks, or changes in economic fundamen-
tals. The potential for such structural breaks necessitates careful
diagnostic testing in empirical applications.

Statistically, a structural break manifests as a change in the
factor loading matrix. While a substantial body of literature
focuses on detecting the timing of such breaks (e.g., Stock
and Watson 2009; Breitung and Eickmeier 2011; Andrew and
Allan 2012; Chen, Dolado, and Gonzalo 2014; Han and Inoue
2015; Duan, Bai, and Han 2023; Bai, Duan, and Han 2025),
less attention has been paid to diagnosing the nature of the
break. The theoretical link provided in Fan, Liao, and Mincheva
(2013) provides a powerful lens through which to analyze these
changes. A structural break in the factor loadings can be due to
a change in one or more principal eigenvalues, a change in one
or more principal eigenvectors, or a change in both.

This distinction is of profound importance and provides a
diagnostic signal about the nature of the instability. A change
in a principal eigenvalue signals a shift in the absolute strength
of its corresponding source of systematic variation. This, in the
context of the stock market, indicates a significant change in
the pricing of that specific source of risk. On the other hand,
a change in a principal eigenvector points to a rotation in the
orientation of the source of variation. In the context of the stock
marKket, this signifies that the composition of the principal com-
ponent, the economic or financial relationships it represents, has
been redefined.

This critical distinction motivates the central objective of
our paper: to develop a statistical framework for diagnosing the
source of a suspected or detected structural break. Specifically,
given two populations with covariance matrices £V and £®,
we propose tests for the following hypotheses:

(i) Test equality of principal eigenvalues: for each k, test

H(()I’k) : )\](Cl) = )\](cz) versus H;I’k) : )L,(cl) # )L,(cz);

(ii) Test equality of principal eigenvalue proportions: to
account for potential heterogeneity in total variation
across periods, test

(1 )
Lo kk = kk versus
0 ’ Dy (2)
tr(XY)  tr(BY)
(1) (2)
(LK) . )‘k ’\k .
H, : 1 55
tr(ED) " r(T?®)

(iii) Test invariance of principal eigenvectors: test
1Lk D _@ 11k D 2
H(() ). |(V,((),vl(())| =1 vs Htg ) |(v](<),v,((>)| <1,
where (a, b) denotes the Euclidean inner product.

In the above, )\](J) and V]((l) stand for the kth largest eigenvalue
and the corresponding eigenvector of T, respectively. Among
the three tests, the third one, concerning the stability of high-
dimensional eigenvectors, is particularly challenging. This arti-
cle makes a significant contribution by developing a rigorous test
for this hypothesis.

Our work relates to, but is distinct from, several key streams
ofliterature. The independent work of Bao et al. (2022) addresses
similar questions but under a more restrictive setting. Our

framework offers three significant generalizations. First, we
allow for an arbitrary distribution of bulk eigenvalues, relaxing
the assumption of equality imposed on bulk eigenvalues. Such
a relaxation is important for practical applications. Second, our
theory does not require the dimension-to-sample-size ratio to
be bounded away from one. Third, we establish a two-sample
Central Limit Theorem (CLT) for the inner product between
two high-dimensional random eigenvectors, a more complex
setting than their one-sample test of an eigenvector against a
fixed direction.

Furthermore, our contribution differs fundamentally from
the seminal works of Bai (2003) and Stock and Watson (2002)
on factor analysis. Their analyses focus on the asymptotic distri-
butions of estimated factors at a fixed time or factor loadings for
a fixed subject, both of which are fixed and finite-dimensional
objects. In contrast, we study the principal eigenvectors, whose
dimension grows with the number of cross-sectional units.
This high-dimensional nature renders conventional asymptotic
theory inapplicable and necessitates the development of new
theoretical tools.

To demonstrate the practical power and interpretive value
of our theory, we work with an important problem in finance:
analyzing structural breaks in financial markets. We apply our
diagnostic framework to daily returns of S&P 500 constituent
stocks. Our analysis reveals that not all structural breaks are
alike, with different crises exhibiting diverse diagnostic profiles.
For instance, the 2008 financial crisis and the 2020 COVID-19
pandemic stand out as comprehensive, systemic shocks, trigger-
ing simultaneous changes in factor strength, relative importance,
and orientation. In contrast, the instability during periods like
late 2011 and 2016 followed a different pattern, suggesting a
repricing of risk through changes in factor strength and impor-
tance but without a significant realignment of the underlying
market factors. This application underscores how the proposed
methodology empowers researchers to move beyond detect-
ing a break to understanding its underlying structural charac-
teristics, thereby providing a more insightful view of market
dynamics.

The rest of the article is organized as follows. Section 2
formalizes the spiked covariance framework. Section 3 presents
the central limit theorems for principal eigenvalues, eigenvalue
proportions, and eigenvectors. Section 4 details the construction
of our three two-sample tests. Section 5 validates the meth-
ods through simulations. Sections 6 presents the results of our
empirical application to S&P 500 data. Section 7 concludes. All
proofs are relegated to the Appendix.

Notation: we use the following notation in addition to what
has been introduced above. For a symmetric N x N matrix A,
its empirical spectral distribution (ESD) is defined as

N
FA(x) = Z%] > 1044) <x), xeR,
j=1

where 1(-) is the indicator function. The limit of ESD as N —
00, if it exists, is referred to as the limiting spectral distribution,
or LSD for short. For any vector a, a[k] denotes its kth entry. We

« D
use “ — " to denote weak convergence.



2, Setting and Assumptions

We assume that (Yt)tT=1 is a sequence of i.i.d. N—dimensional
random vectors with mean zero and covariance matrix X.

Let Aj,...,AN be the eigenvalues of X in descending order,
and vy,. .., vy be the corresponding eigenvectors. Write A =
diag(Ai,...,ANn) and V = (vy, ..., VN). The spectral decompo-

sition of ¥ is given by £ = VAV,
We make the following assumptions.

Assumption A:
The eigenvalues A1 > Ay > -+ > Ay > A1 > -+ > AN
satisfy that

(A.i) for the principal part, one has limy_, o0 Ax/N =
Or € (0,00) for1 < k < r, wherer > 1is a fixed
integer and 6 ’s are distinct.

(A.ii) for the bulk part, there exists a Cy < oo such that
Aj < Cp for j > r, and the empirical distribution of
{Ar+1,..., AN} tends to a distribution H.

Remark 1. Assumption (A.i) corresponds to the setting of strong
factors in the factor model literature. When the magnitudes of
principal eigenvalues are smaller, say A; is of order N for some
a € (0, 1), the convergence of sample principal components still
holds with a convergence rate depending on «. In this article, we
focus on the case when o = 1 and leave the study of the case
when « € (0, 1) for future work.

Assumption B: The observations (yf)iT:1 can be written as y; =
VA'Y?z;, where z; = (zi[1],zi[2),...,z[ND", i = 1,2,..., T,
are ii.d. random vectors, and z;[£],£ = 1,...,N, are inde-
pendent random variables with zero mean, unit variance and
satisfying supy max;<¢<n E(z1[£])* < oc.

Remark 2. Assumption B covers the multivariate normal case
and coincides with the idea of PCA. Specifically, if y; follows
a multivariate normal distribution, then z; = A~Y/2VTy;
is an N-dimensional standard normal random vector and
Assumption B naturally holds. On the other hand, under the
orthogonal basis V. = (vi,...,Vn), the coordinates of y; are
(WA1zi[1], ..., v/ANzi[N]). Assumption B says that the coor-
dinate variables are independent with mean zero and variance
ri,i=1,...,N.

Assumption C: The dimension N and sample size T are such
that py := N/T — p € (0,00) as N — o0.

3. One-Sample Asymptotics

Let & ~ be the sample covariance matrix defined as
L T
9 T
Iy = T Z YeYi -
t=1

Denote its eigenvalues by/)zl > .. > /):N, and let vy, ...,V be

the corresponding eigenvectors.
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Theorem 1. Under Assumptions A-C, as N — 00, the principal
eigenvalues converge weakly to a multivariate normal distribu-
tion:

i/ — 1
JT| 2 No.z), (1)
Ar/hy — 1
where B = diag(o},...,0; ) is a diagonal matrix with o}, =

E (z1[k]D?* — 1.

Remark 3. The marginal convergence in (1) has been established
in Wang and Fan (2017) under a sub-Gaussian assumption. We
generalize their result to joint convergence and under a weaker
moment assumption. See also Cai, Han, and Pan (2020) for a
related result under a different setting.

Remark 4. By Theorem 3, the variance afk can be consistently

estimated by

- 1

T
T, \4
0f = —=— v -1,
Ak T()»k)z Z(Akyt)

t=1
hence, a feasible CLT is readily available.

Theorem 2. Under Assumptions A-C, foreach 1 < k < r, we
have thatas N — oo

T ( ,Xk Ak

) Z No1), @

o2, \tr(Zn) —a tr(E) — A
where
~ ~ 3
2 ) ) 2
—5= Ay =5 ZJ=1,...,r,];ék )\'J O
O’k = A
k

— = = =~
(tr(En) — Ax) (tr(En) — Ax)

Remark 5. Theorem 2 can be used to construct confidence
intervals for the proportion gf := Ay /tr(X). This follows easily
from (2) and the fact that, if we write gy = Ar/(tr(Z) — Ag),
then ox = 0x/(1 + Ok), which is a strictly increasing function
of k.

Theorem 3. Under Assumptions A-C, for each 1 < k < r, the
principal sample eigenvector Vi, satisfies that as N — oo,

R v
T[1- (v %)? — — el
Tk ,;l (1 = 2j/A)?
D
— Z ki - Zi,
i=1,...,ni#k
where wy; = 6x6;/(0x — 6;)%, which can be consistently esti-
mated by
Mk
Wi = —=<—=—"7>
D Ok h)?

and Z;’s are i.i.d. standard normal random variables.
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Remark 6. Wang and Fan (2017) established the convergence
rate for | (v, Vx)| under a sub-Gaussian assumption. Theorem 3
extends their results by deriving the limiting distribution of
1 — |(vk ¥k)|%, which quantifies the asymptotic variability of
eigenvector alignment. While Wang and Fan (2017) provide a
foundation for consistency, our result is essential for statistical
inference.

The proofs of Theorems 1-3 are given in the Appendix.

4. Two-Sample Tests

We now discuss how to conduct the three tests mentioned in the
Introduction.

Suppose that we have two groups of observations of the same
dimension N:

1) (1)

@
Yisee Vs

2
and yg ),...,yTz,

which are drawn independently from two populations with
mean zero and covariance matrices ) and £, We assume
that Assumption B holds for each group of observations. More-
over, analogous to Assumption C, we have

. N )
lim F:pie(o,oo), i=1,2.

N—oo 1

Finally, analogous to Assumption A, with the spectral decompo-
sitions of £V given by

TO — yOAOYOT o

where A? = diaghy,... A Ay 2), and VO =
(Vil)’ e ’Vﬁf),vglp . ~V1(§)), we assume that, for each popula-
tion, there are r; principal eigenvalues, which satisfy

N0 ,
lim £ = 6% ¢ (0,400),

N—o0

for1<k=<r,i=12

while the remaining eigenvalues A;l),r,- +1 < j < N,are
uniformly bounded and have a limiting empirical distribution.
Let us emphasize that we allow for r; # r,. Moreover, £}
and £ can have different limiting spectral distributions. Let
r = min{ry, rp}.

Naturally, our tests will be based on the sample covariance
matrices

T;
j=1
Write their spectral decompositions as
ﬁf}) — VORD (v(i))T’
where
AY  diagG0,.70), VO = G0, 30,

4.1. Testing Equality of Principal Eigenvalues

To test Hél’k) : )\,(cl) = A](f) for k < r, we use the following test
statistic

T\ T, i
TEk = /E 5 /5 . % -1,
Ti(0; )@ + Ta(o7 )™ \ Ay
where
— Ti 4
- NN :
(02 ) =A.—Z<vk’) ™, ) —1, i=12.
SN CVOES M !

Theorem 4. For k < r,under null hypothesis H(()I’k) and Assump-

tions A-C, as N — 00, the proposed test statistic T, converges
weakly to the standard normal distribution.

Theorem 4 follows directly from Theorem 1 and the Delta
method.

4.2. Testing Equality of Principal Eigenvalue Proportions

The null hypothesis
1) (2)
arh M

" w@0)  wEz?®y

is equivalent to

©)

_ M

- 2 [©N
(@) — 2y

M
R Ay
(b,

wr(£®) — )

Based on such an observation, we propose the following test
statistic

-~ (2)
A A
k k
“/N( s, ~n ,.a® A(2)>
To tr(XN") — Ay tr(XN) — Ay
P N >0 NS0 ’
— O — O
T; —k T2 —k
where
0 ()2

-k T <. ~\2
(tro:;?) - x,(c”)
(i))z pAY

— (i) Z':L.‘.,i,' k(A Oy
x |o2  + / ik / , 1i=1,2.

Ak Py N 2
(tr(EYJ)) - A}j))

Theorem 5. For k < r, under the null hypothesis H((]H’k) and
Assumptions A-C, as N — oo, the test statistic Tp, converges
weakly to the standard normal distribution.

Theorem 5 is a straightforward consequence of Theorem 2.



4.3. Testing Invariance of Principal Eigenvectors

To test H;, ILh s (v ,il),v,(cz)ﬂ = 1 for k < r, we use the following
test statistic

Ty, := 2N (1 — k“,?,(f)n)
N
N? ~1) @)
-~ X y
~5 D ; Z
LN -mn S R - rz)xi et

3)

Theorem 6. For k < r, under null hypothesis H(()HI’k)
and Assumptions A-C, suppose further that B}, =

. 1 2
limy— o0 ((Vs( ) v?

the test statistic Ty, converges weakly as follows:
Irl 1

D T —&8%
TV = 11,—k Qs
k (_ 11 —k) Ir2—1

where qy is a (r; + r, — 2)-dimensional random vector, which
follows a multivariate normal distribution with mean zero and
covariance matrix

)) exist. Then, as N — o0,
s=1,...,r;t=1,...,m

1) 1) 1)

Dy = diag <P1w1(<1)>- © PLOkk—1) P1O%kkg 1) - > P1 D>

2 (2) (2) (2)
P2y -+ 5 PaWpe_1y> P2Bp ey 1y> -+ - ’Oza)krz)
(D) 5 (@)
4 0,0
a),(;) = (i)k ! L forj=1,...,k—1Lk+1,...,r,i=1,2,
(9k - 9]' )2
and BT, _, is the matrix obtained by deleting the kth row and kth

@

column of 27,. Furthermore, Wy and E7; can be consistently

estimated by
TR0
— A —
O _ "k dA_(a) (2))
wk] (/)\v\](cl)_/):(l))Z, an 11 <Vs ’Vt ) s=1,..., T];[Zl,...,rz’
J
respectively.

Corollary 1. Under the stronger null hypothesis that r; = r; and
|(v,(<1),v](<2))| =1forallk =1,...,r, we have E]; = I, and the
test statistic Ty, converges as follows:

D
Ty, — Z (,Olwl(c]l) + 02 w(z)) Zz
j=1,...nj#k

where Z;’s are i.i.d. standard normal random variables.

Theorem 6 and Corollary 1 are proved in the Appendix.

5. Simulation Studies
5.1. Design

We consider five covariance matrices as follows:

s = V(I)A(l)(V(l))T, >, = V(I)A(Z)(V(l))T,
;= V(Z)A(l)(V(z))T,
T = AW, T = V(S)A(l)(V(S))T,

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION e 5

where VIV, V@ are two random orthogonal matrices, and

AD = diageN, N, A, .. a0, x]?” ~iid Unif(1, 3),

A® = diag(75N, 15N, A, ..., AP, x]@ ~iig Unif(4.5,7.5),

VO = vY,v{,es,.. . en), where
ng) = (cos@,sin@,O,...,O)T,
v§5) = (—sin®,c0s6,0,...,00, 6 e[0,7/2].

The observations will be simulated as follows: for a given X,
which will be one of the five covariance matrices above, write
its spectral decomposition as £ = VAV'. Then we simulate
observations with covariance matrix X by VA'?z,, where z; =
(ze[11,2:[2], ..., z:[N])" consists of ii.d. standardized student
t(8) random variables.

In Section 5.4, we report a set of results for the setting where
observations are serially dependent. The results show that our
tests work well in the presence of serial dependence and infinite
kurtosis.

Theorems 4-6 are associated with different null hypotheses.
When evaluating the sizes of the tests proposed in these theo-
rems, we adopt the following setting:

« For both Theorems 4 and 5, we simulate two samples of
observations with 21 and X3 as their respective popula-
tion covariance matrices. Note that X1 and X3 share the
same eigenvalues but have different eigenvectors.

« For Theorem 6, the two samples of observations are sim-
ulated with ¥; and ¥, as their respective population
covariance matrices. The two matrices share the same
eigenvectors but have different eigenvalues.

On the other hand, when evaluating powers, we use the
following design:

« For testing equality of eigenvalues/eigenvalue propor-
tions, the two samples of observations are simulated with
¥, and X, as their respective population covariance
matrices;

o For testing invariance of principal eigenvectors, we simu-
late two samples of observations with X4 and X5 as their
respective population covariance matrices. The difference
between the principal eigenvectors of the two matrices is
a function of the angle 6. We will change the value of 8 to
see how the power varies as a function of 6.

5.2. Visual Check

We first visually examine Theorems 4-6 by comparing the
empirical distributions of the test statistics with their respective
asymptotic distributions under the null hypotheses.

For Theorem 4, the asymptotic distribution of the test statistic
Tg, under the null hypothesis is the standard normal distribu-
tion. This is clearly supported by Figure 1, which gives the nor-
mal Q-Q plot and histogram of Tg, based on 1,000 replications.

For Theorem 5, the asymptotic distribution of the test statistic
Tp, is again the standard normal distribution. This is supported
by Figure 2.
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Figure 2. Histogram and Normal Q-Q plot of Tp, based on 1000 replications with N = 500, Ty = 500 and T, = 750.
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Figure 3. Comparisons of the empirical distribution of the test statistic Ty, based on 1000 replications with the asymptotic distribution when N = 500, T; = 500, and
Ty = 750. Left: histogram of Ty, versus the density of the asymptotic distribution; right: Q-Q plot of Ty, versus the asymptotic distribution.

For Theorem 6, the test statistic T, converges weakly to a
quadratic form in normal random variables. The asymptotic dis-
tribution, in general, does not have an explicit density formula.
Fortunately, Imhof (1961) provides precise numerical methods
to compute the density and quantiles.! In Figure 3, we com-
pare the empirical distribution of the test statistic Ty, with the

'We thank Raymond Kan for bringing the paper to our attention and for
sharing the code to compute the density and quantiles.

asymptotic distribution. We see that the histogram matches well
the density of the asymptotic distribution, and the Q-Q plot
exhibits a good agreement.

5.3. Size and Power Evaluation

In this subsection, we evaluate the sizes and powers of the three
tests presented in Theorems 4-6. The significance level is set to
be 5%. Tests based on Tp, and Ty, involve the number of factors,



which are unknown in practice. There are several estimators
available, including those given in Bai and Ng (2002), Onatski
(2010), and Ahn and Horenstein (2013). The results below are
based on the estimator in Bai and Ng (2002). For tests based on
Tg, and Tp,, the critical values are standard normal quantiles.
For test based on Tv,, the critical value is the 95% quantile of the
asymptotic distribution, which we compute using the method in
Imhof (1961).

Table 1 reports the empirical sizes of the three tests based on
Tg,, Tp, and Ty,, k = 1, 2,, for different combinations of N, T}
and T,. We see that for the first two sets of tests, for different
N and T}, T, the empirical sizes are close to the nominal level
of 5%. For the third set of tests based on Tv,, k = 1,2, the size
approaches 5% as the dimension N and sample sizes T1, T, get
larger.

Power evaluation results are given in Table 2. We see that the
powers reach almost one as the dimension N increases to 500.

Finally, in Figure 4, we evaluate the power of the eigenvector
test Ty,, k = 1,2 as a function of 0. For the three 0 values tested,
i /9,i = 1,2, 3, the bigger the value, the bigger the difference
between the principal eigenvectors in the two populations, and
the higher the power. Moreover, even for the smallest value /9,
the power quickly increases to close to 1 as the dimension N and
sample sizes T, T, get larger.

Table 1. Empirical sizes of Tegi Tpes and Ty, k = 1,2, based on 1000 replications at
5% significance level with N/T; = 1and N/T, = 2/3.

N Tg, Te, Tp, Tp, T, Ty,
100 0.064 0.063 0.043 0.049 0.092 0.087
300 0.037 0.050 0.037 0.037 0.063 0.060
500 0.062 0.053 0.052 0.047 0.061 0.065

Table 2. Empirical powers of Ter Tpyoand Ty, (for6 = 7/9), k = 1,2, based on
1000 replications at 5% significance level with N/T; = 1and N/T, = 2/3.

N Te, Te, T, Tp, Ty, Tv,
100 0977 0319 0433 0789 0.480  0.485
300 0.999  0.768 0.848  0.998 0.888  0.888
500 1.000  0.939 0.951  1.000 0.986  0.987
1.00 P —————
P L 'o-""_
: .
‘/
0.75 4
7
7
5 <
20.50 1
Q.
0.25
-—-—-—=-= N=100
..... A----- N=300
— -—.=w—-— N=500
9 211/9 3m/9
theta
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5.4. Simulation Results under a Serially Dependent Setting

In this subsection, we evaluate the applicability of our proposed
methods to time series data with serial dependence.
We assume that the observations are generated by

Yt(i) =V (K(i))l/ 2z§">, where

2" =012 +1-(0.1)2¢", (4)
&1 = (&11,6[2), ...,&(ND)T
consists of i.i.d. standardized student ¢(5) random variables.
Following the simulation design in Section 5.1, for the null

hypothesis H(()I’k) and H(()H’k), we set

i=1,2, and

VO v, §O —yo, XV X A,
For the null hypothesis H(gm’k), we set

VO =V@ v, AW A0 RO _p@,

For the alternative hypothesis H il’k) and H gH’k), we set

VO V@ v, AD A0 RO _p@,
For the alternative hypothesis H {HI’k), we set
FO 1y, VO ZvE, KV D 20,

Figures 5 and 6 present the histograms and Q-Q plots of Tk,
and Tp, based on 1000 replications with N = 500, T; = 500
and T, = 750 under the null hypotheses. The histograms closely
align with the standard normal density, and the Q-Q plots show
a strong linear pattern. We see the distributions of T, and Tp,
are still approximately standard normal even if the assumptions
of Theorems 4 and 5 are violated.

Figure 7 displays the histogram and Q-Q plot of Ty, against
the asymptotic distribution under the null hypothesis. We see
that the empirical distribution of the test statistic Ty, still
matches the asymptotic distribution quite well.

Table 3 reports the empirical sizes of Tg, Tp, and Ty at the 5%
significance level for varying dimensions N. We see that the size
improves as N gets larger and are roughly 5% when N = 500.

Table 4 summarizes the empirical powers of Tg, Tp, and Ty.
We see once again that power increases with the dimension N
and is quite high when N = 500.

Opverall, these results suggest that our tests work well in the
presence of both serial dependence and heavy-tailedness.

1.00 m e ———
o ere s e
-
o
7/
075 -
l/'
P
5} /
2 4
£0.50
Q
0.25
-—-—-—-- N=100
..... A....« N=300
0.00 *=:=9=-=| N=500
/9 2m/9 3n/9
theta

Figure 4. Empirical power of Ty,,i = 1,2, as a function of 6 at 5% significance level for different N and Ty, T with N/Ty = 1and N/T; = 2/3. Left: powers for Ty, ; right:

powers for Ty, .
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Figure 7. Comparisons of the empirical distribution of the test statistic Ty, based on 1000 replications under Model (4) under the null hypothesis with the asymptotic
distribution when N = 500, T1 = 500, and T, = 750. Left: histogram of Ty, versus the density of the asymptotic distribution; right: Q-Q plot of Ty, versus the asymptotic

distribution.

Table 3. Empirical sizes of Tg,, Tp,, and Ty, under Model (4) based on 1000
replications at 5% significance level with N/T; = Tand N/T, = 2/3.

Table 4. Empirical powers of T, Tp,, and Ty, under Model (4) based on 1000
replications for & = /9 at 5% significance level with N/T; = 1and N/T, =

2/3.
N T, T T, T, T T
b 2 P P2 v Y2 N Te, Ts, Tp, Tr, Ty, Ty,
100 0069 0.076 0034 0.06] 0108 0.111 100 0892  0.197 0334 0603 0494 0494
300 0072 0.057 0054  0.049 0.080  0.086
<00 0060 0071 005 0058 0068 0069 300 0985 0571 0659  0.941 0907  0.904
: 500 0997 0778 0.801  0.989 0981  0.981




6. Empirical Studies

In this section, we apply our proposed two-sample tests to stock
market data to demonstrate the effectiveness of our tests in
diagnosing the nature of structural breaks. We first identify
major market shifts based on existing structural break detection
methods. We then apply our tests to determine whether the
structural breaks stem from changes in factor strength, propor-
tional variance, or fundamental orientations.

6.1. Data and Methodology

Our dataset comprises daily log-returns of constituent stocks
from the S&P 500 Index, spanning from January 2007 to Dec
2024, which are obtained from the Center for Research in Secu-
rity Prices (CRSP). We randomly select 200 stocks that remain
in the S&P 500 constituents across the entire period.

To identify potential structural breaks, we use the quasi-
maximum likelihood estimator of Bai, Duan, and Han (2025),
which can detect multiple breakpoints.?

For each breakpoint detected, we construct the pre- and post-
break data samples. To maximize sample integrity by avoiding
data contamination from adjacent breaks while also ensuring the
tests have sufficient statistical power, we adhere to the following
rules:

o If the period to the nearest breakpoint is greater than one
year on both sides, we use one year of data for each sample.

o If the period on one side is less than eight months, no
test is performed for that breakpoint, as the sample size
is insufficient for a reliable test.

« If one side has over a year of data while the other has
between 8 and 12 months, we use one year of data for
the longer side and the entire eligible data window (i.e.,
all data up to the adjacent breakpoint) for the shorter
side. This adaptive window approach ensures we use all
available “clean” data without crossing into a new market
regime.

Finally, we conduct our two-sample tests using these pre- and
post-break samples. Our tests involve the number of factors for
each sample, which we estimate using the information criteria of
Bai and Ng (2002). In the next subsection, we report the results
for the first three principal components, with more discussion
on the results for the first principal component (PC1) to clearly
illustrate the framework’s diagnostic capabilities.

6.2. Empirical Results and Discussions

We apply our three tests for eigenvalue equality (TE), eigen-
value proportion stability (TP), and eigenvector invariance (TV)
to samples around the detected breakpoints to illustrate the
diagnostic capabilities of the proposed framework. All tests are
conducted at the 5% significance level. Same as in the Simulation
Studies, for tests based on Tf, and Tp,, the critical values are
standard normal quantiles; for test based on Tv,, the critical

2We thank Xu Han for sharing the code with us.
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Table 5. Test results for detected structural breakpoints.

) PC1 PC2 PC3

Breakpoint

TE P v TE TP v TE TP v
2008-09-12 X X X X v X v v X
2009-06-22 X v X v v X v v X
2011-12-21 X X v v v X v v X
2014-10-07 v v X v v X v v X
2016-11-07 X X v v v X v v X
2020-02-21 X X X X v X v v v
2022-10-17 X v X X v X X v v

NOTE: “PC Index” refers to the principal component being tested. “X” indicates a
rejection of the null hypothesis for eigenvalue equality (TE), proportion stability
(TP), or eigenvector invariance (TV), and “v"” indicates retention. All tests are
conducted at the 5% significance level.

value is the 95% quantile of the asymptotic distribution under
the null hypothesis.

The results for the first three principal components, based on
our sample of 200 stocks, are detailed in Table 5. Table 5 provides
a granular diagnosis of the detected market shifts and reveals
the distinct information captured by each test. Our tests suggest
that changes in absolute factor strength (TE rejection) and factor
orientation (TV rejection) are frequent characteristics of breaks
affecting the first principal component (PC1). The tests also
reveal that shifts in relative importance (TP rejection) are largely
concentrated in PC1, while the relative contributions of PC2 and
PC3 appear more stable. This highlights how the framework can
disentangle the complex nature of structural changes.

These patterns become clearer when we focus on the first
principal component (PC1), which typically represents the over-
all market factor, as visualized in Figure 8. The figure plots the
S&P 500 Index alongside markers indicating the nature of each
structural break for PC1. For the breaks corresponding to the
2008 financial crisis and the 2020 COVID-19 pandemic, our
results show a simultaneous rejection of all three null hypotheses
(TE, TP, and TV) for PC1 (@, A, W). This specific and consistent
combination of outcomes points to a potential dislocation across
factor strength, relative importance, and orientation, illustrating
how the framework can flag events that may be of a particularly
comprehensive and systematic nature.

The frameworK’s ability to provide a more nuanced diagnosis
is illustrated by its application to other breakpoints. For example,
the tests reveal a similar pattern for the breaks in late 2011 and
2016. In these cases, the results suggest that changes in factor
strength and relative importance (TE and TP rejections @, A)
occurred without a significant change in factor orientation (TV
retention). This pattern indicates a potential repricing of risk
that is structurally different from a fundamental realignment
of market factors. In another illustration, the break in 2014 is
associated with a rejection for eigenvector invariance alone (H),
suggesting that that period of instability may have been driven
primarily by a shift in factor orientation.

7. Conclusions

This study establishes one-sample and two-sample central
limit theorems for principal eigenvalues and eigenvectors
under divergent spiked covariance models, laying a rigorous
theoretical foundation for diagnosing structural breaks in
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Figure 8. Test results regarding the 1st principal component. Vertical lines mark the dates of detected structural breaks. Symbols indicate rejections of the null hypotheses
for the first principal component (PC1): a red circle (@) for eigenvalue equality (Tg), a green triangle (A) for eigenvalue ratio consistency (Tp), and a blue square () for

eigenvector invariance (Ty). All tests are conducted at the 5% significance level.

high-dimensional data. The core contribution lies in the
development of three two-sample tests that collectively
allow researchers to investigate the source of a structural
break, distinguishing whether it arises from changes in factor
strength (eigenvalues), relative factor importance (eigenvalue
proportions), or fundamental factor orientation (eigenvectors).

Numerical validation through simulation studies confirms
the robustness of the proposed tests in finite samples. Our
application to daily returns of S&P 500 constituent stocks illus-
trates the framework’s diagnostic utility. It shows how the tests
can identify periods of major systematic change, characterized
by simultaneous shifts across all three structural aspects, and
distinguish them from more contained structural breaks. Fur-
thermore, the application demonstrates how the framework can
identify more nuanced patterns of instability, such as periods
where tests suggest changes in factor strength and importance
but not orientation, versus others that appear to be driven pri-
marily by a realignment of factors alone.

This ability to provide a differentiated diagnosis of instability
provides a powerful tool for structural break analysis, bridging
theoretical advances in high-dimensional statistics with action-
able insights for empirical research.

Supplementary Materials

The supplementary materials include Appendix, which contains proofs and
code files.
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