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a b s t r a c t

We develop a volatility estimator that can be directly applied to tick-by- tick data. More
specifically, we consider a model that allows for (i) irregular observation times that can be
endogenous, (ii) dependent noise that can have diurnal features and be dependent on the
latent price process, and (iii) jumps in the latent price process. We show that our estimator
yields consistent estimates and enjoys the optimal rate of convergence. Simulation as well
as empirical studies demonstrate favorable properties of our proposed estimator.
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1. Introduction

The estimation of the integrated volatility based on ultra high frequency data has attracted tremendous attention recently
and great progress has been made.

In the first papers devoted to the subject, the noise was supposed to be an additive white noise, independent of the latent
process; the observation times were assumed to be equidistant or slightly more generally, irregular but independent of the
latent price process which was assumed to contain no jump. One can quote, among others, the two-scale realized volatility
in Zhang et al. (2005), the multi-scale realized volatility in Zhang (2006), the realized kernel estimators in Barndorff-Nielsen
et al. (2008), or the quasi-maximum likelihood estimator introduced in Xiu (2010); the latter three classes of estimators
achieve the optimal convergence rate n1/4

s , where ns is the number of observed returns used in the estimation. The pre-
averaging method of Jacod et al. (2009) also features the optimal rate n1/4

s , under weaker assumptions on the noise, which
basically require that conditionally on the latent process the noise is centered and independent, although not necessarily
identically distributed (so, unconditionally, the noise may be dependent, and may also depend on the latent process).

We remark that it may not be appropriate to apply these pioneer methods directly to tick-by-tick data. Oftentimes, in
order to satisfy the conditions assumed, data cleaning procedures that involve substantial subsampling are necessary, such
as reducing tick-by-tick data with sample size n to minute-by-minute or at best second-by-second data with sample size
ns ≪ n. As an example, for Citigroup Inc (NYSE:C) over the month of January 2011, the average size of complete tick-by-tick
data is about n = 246,000 per day, comparedwith second-by-second datawhere ns = 23,400,we have ns ≈ n4/5. Thismeans
if tick-by-tick data can be directly used, even a sub-optimal rate of convergence n1/5 would result in the same efficiency as the
optimal rate achieved by second-by-second data n1/4

s . The method we present in this paper would do even better, achieving
the optimal rate of convergence with tick-by-tick data, i.e., n1/4.
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There are two distinctive features that tick data have: (i) they are irregularly spaced and the observation times may
depend on price process, and more importantly (ii) the market microstructure noise may be dependent (see Hansen and
Lunde (2006) and Jacod et al. (2017)). Of course, dependency for the noise may occur for regularly spaced observations, but
for minute-by-minute data for example it is much less prominent than for tick-by-tick data. In addition, (iii) jumps exist in
the latent price process; see, e.g., Aït-Sahalia et al. (2012).

Developments have been made to relax the assumptions. Among other works, Li et al. (2014), Li et al. (2013) studied
endogenous observation times, Kalnina and Linton (2008) and Barndorff-Nielsen et al. (2011) considered a specific form
of dependent noise, and Jing et al. (2014) incorporated jumps with noisy observations. Li et al. (2016) considered a
situation where the noise can be (partially) modeled as a function of trading information while allowing for dependent
noise, endogenous observation times and jumps. Li et al. (2018) studied the case when both rounding and random market
microstructure noise are present.

There is however lack of work that gives an ultimate estimator which can be used directly in the case when the
following three features are present simultaneously: (i) observation times can be irregular and even endogenous, (ii) market
microstructure noise can be dependent, and (iii) the latent price process can have jumps. In particular, at the optimal
convergence rate n1/4, the noise induces a bias term which needs to be removed and which strongly depends on the
autocovariance structure of the noise.

Our aim in this work is to develop a volatility estimator that works in the presence of the above three features (i), (ii) and
(iii).

Let us discuss a bitmore about the dependence ofmicrostructure noise. In Jacod et al. (2017), we studied the estimation of
the (joint) moments of microstructure noise. The empirical studies therein revealed (moderate) positive autocorrelations of
themicrostructure noise for the stocks thatwere tested, in particular, the studies show that the noise is notwhite but colored.
Earlier works in this direction include Hansen and Lunde (2006), Ukabata and Oya (2009) and Aït-Sahalia et al. (2011). The
simplest model that accommodates dependent noise is again an additive noise independent of the latent process, but with
a non-trivial autocovariance structure. In such a setting, assuming an exponential decay of the noise autocovariance, Aït-
Sahalia et al. (2011) extend the two-scale estimator, with the rate n1/6

s , and the multi-scale estimator, with the optimal rate
n1/4
s (but without providing a ‘‘feasible’’ limit theorem). Barndorff-Nielsen et al. (2011) consider a multivariate setting and

substantially generalize the model for noise in Kalnina and Linton (2008). As they study the multivariate setting in which
case asynchronicity arises, their model further allows for irregular observation times. To ensure that the final estimator is
positive (semi-definite in the multivariate case), a wider bandwidth is adopted, which leads to a suboptimal rate. Hautsch
and Podolskij (2013) consider the case when the noise is stationary and q-dependent with some known value q, extends
the pre-averaging estimator and shows that it achieves n1/4

s convergence rate. In another paper devoted to the multivariate
case, Christensen et al. (2013) combine the pre-averaging ideawith theHayashi–Yoshida estimator and obtain a rate-optimal
covariance matrix estimator. In Remark 3.3 therein the authors explain that their estimator is still consistent if the noise is
finite-dependent. The authors however did not pursue Central Limit Theorem (CLT) in this case. Ikeda (2015, 2016) proposes
two-scale realized kernels for both the univariate andmultivariate cases. The noise is assumed to take a product form similar
to (2.7). He also allows for irregular observations, however with a strong condition which restricts the applicability.1

Our assumptions on the noise are significantly weaker than the papers quoted above. Furthermore, we relax the assump-
tion that the noise is independent of the latent process. The dependence is modeled via a multiplicative semimartingale
process, which can be used to capture, for example, diurnal patterns of the noise. In particular, the noise in our model does
not need to be stationary. About observation times,we allow them to be endogenous and, in particular, they can be irregularly
spaced. We develop a volatility estimator that can overcome these challenges and hence can be applied directly to tick-by-
tick data. We further prove the consistency and an associated feasible central limit theorem with the optimal rate n1/4.

As we will see, in order to achieve the optimal rate of convergence we need to incorporate some information on the
autocovariance function of the noise into the estimator. This has of course to be estimated from the data, and it is done by
using the autocovariance function estimators which have been proposed in our earlier paper Jacod et al. (2017). It is worth
pointing out that Jacod et al. (2017) also allow for irregular observation times and jumps. Below, we freely use the results of
that paper.

We also conduct both simulation and empirical studies to examine the performance of our proposed volatility estimator.
Comparison is made between our new estimator with the traditional pre-averaging estimator. We pick pre-averaging
estimator as a representative pioneer method because it is rate-optimal and has been shown in various applications to
perform well and be robust. From our comparisons, it is seen clearly that when the noise is colored, our proposed estimator
is nearly unbiased whereas the traditional pre-averaging estimator can have a significant bias. We have also intentionally
added rounding effect, which violates the assumptions of this estimator. It is seen that with this additional rounding effect,
the proposed estimator still performs well. Furthermore, empirical studies clearly show an important advantage of our
estimator, which is that it yields stable estimates when applied to different sampling frequencies evenwhen directly applied
to tick-by-tick data, whereas the traditional pre-averaging estimator may yield rather different estimates.

1 In Assumption (A-4’) in Ikeda (2015) as well as Assumption (A-2)(a) in Ikeda (2016), with∆ti = ti − ti−1 and N = max{i : ti ≤ 1}, the author assumes
that∆ti can be written as Di/N and Di is adapted. The latter assumption implies that N ·∆ti is adapted. We find this condition difficult to interpret since N
is observed only at time 1.
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The paper is organized as follows. The setting is described in Section 2. Our proposed estimator, which is a modified pre-
averaged estimator, is introduced in Section 3. Section 3 also contains the main results. Simulation and empirical studies are
given in Sections 4 and 5 respectively. Section 6 concludes. The scheme of the proofs is given in Appendix A, whereas the
details are provided in a supplement available on the web.

2. Setting and assumptions

We have three basic ingredients: the underlying process X , typically the log-price of an asset, the observation scheme,
and the noise. All random quantities below are defined on a fixed filtered probability space (Ω,F, (Ft )t≥0,P).

Before stating the assumption, we recall the general form of a possibly discontinuous Itô semimartingale Y on (Ω,F,
(Ft )t≥0,P). Such a process admits a Grigelionis decomposition of the form

Yt = Y0 +
∫ t
0 bYs ds +

∫ t
0 σ

Y
s dW Y

s +
∫

[0,t]×E δ
Y (s, z) 1{|δY (s,z)|≤1} (p= − q

=
)(ds, dz)

+
∫

[0,t]×E δ
Y (s, z) 1{|δY (s,z)|>1} p= (ds, dz).

(2.1)

Here, W Y is a standard Brownian motion, p
=

is a Poisson random measure on R+ × E, where (E, E) is a Polish space (i.e., a
complete separable metric space, one could always take E = R, or even E = [0, 1]), with a non-random intensity measure of
the form q

=
(dt, dz) = dt ⊗ λ(dz) with λ a σ -finite measure on (E, E). The processes bY and σ Y are optional; see for example

Jacod and Shiryaev (2003) for this notion: if those processes are càdlàg adapted, they are a fortiori optional. The function δY
onΩ × R+ × E is predictable, and they are such that all integrals in (2.1) make sense.

The following assumption on a process Y of the form (2.1) depends on a parameter r ∈ [0, 2], which sets a bound on the
degree of activity of jumps (when r = 2 there are essentially no restrictions on the jumps, when r ≤ 1 they are summable
on each finite interval, when r = 0 they have finite activity).

Assumption (K-r) on Y : There are a sequence τm of stopping times increasing to∞, a sequence of deterministic nonnegative
λ-integrable functions JYm on E, and a sequence wm of real numbers, such that | bYt (ω)| ≤ wm and | σ Y

t (ω)| ≤ wm and
| δY (ω, t, z)|r ∧ 1 ≤ JYm(z) for all (ω, t, z) with t ≤ τm(ω). □

This assumption will be used for a number of different processes below. Note that if we consider several processes Y at
once, their driving Brownian motions W Y are usually different, possibly correlated, but it is always possible to find a single
Poisson measure p

=
which drives the jumps of all Y ’s, hence the notation p

=
instead of p

=

Y .
In particular, the underlying process X is of the form (2.1), and will satisfy (K-r) for some r ∈ [0, 1), so in that formula we

can dispense with the integral with respect with p
=

− q
=

(up to modifying the drift term) and it can be written as follows (for
simplicity we write its coefficients and driving Brownian motion as b, σ , δ and W :

Xt = X0 +

∫ t

0
bs ds +

∫ t

0
σs dWs +

∫
[0,t]×E

δ(s, z) p
=
(ds, dz). (2.2)

We need the following assumption, with some r ∈ [0, 1):

Assumption (H-r): The process X is of the form (2.2), satisfies (K-r), and both b and σ satisfy (K-2). □

The rather unusual, but reasonably weak, requirement that the drift b is an Itô semimartingale is used for dealing with
irregular observation times; it could be weakened, but we need a nice behavior of E(bT − bS | FS) and E((bT − bS)2 | FS) in
terms of E(T − S | FS) for finite stopping times S ≤ T , which is complicated to state in general but satisfied under (K-2).

Next, we describe how observations take place. At stage n, that is, for a given frequency of observations, the successive
observations occur at times 0 = T (n, 0) < T (n, 1) < · · · for a sequence T (n, i) of (possibly random) finite times, and we set

Nn
t =

∑
i≥1

1{T (n,i)≤t}, ∆(n, i) = T (n, i) − T (n, i − i). (2.3)

That is, the number of observations up to time t is Nn
t + 1, and ∆(n, i) is the ith inter-observation lag. So far, this is simply

notation, and we will make the hypothesis that, at stage n, the time lags ∆(n, i) are, in an appropriate sense, of the same
order of magnitude∆n for all i, where∆n is a fixed sequence of positive numbers going to 0. Note, however, that the T (n, i)’s
and∆(n, i)’s are observed, at least up to the time horizon t , whereas∆n is a non-observablemathematical abstraction, which
should not enter the various statistics used by the observer.

The precise assumption, which involves two numbers ρ, ρ ′, goes as follows:

Assumption (O-ρ, ρ ′): All T (n, i)’s are stopping times, and there is an Itô semimartingale (αt ) satisfying (K-2), with αt > 0
and αt− > 0 for all t > 0 and such that

(i)∆nNn
t

P
−→ At :=

∫ t
0 αs ds for all t .

(ii) For all s, t > 0, the sequence∆1/2+ρ′

n
(
Nn

t − Nn
(t−s∆ρ

′

n )+

)
is bounded in probability.

(iii) For any κ ≥ 2, there are a sequence (τ (κ)m)m≥1 of stopping times increasing to ∞ and real numbers (w(κ)m) such
that we have for all i, n,m:

T (n, i − 1) ≤ τ (κ)m ⇒

{⏐⏐E(
αT (n,i−1)∆(n, i) | FT (n,i−1)

)
−∆n

⏐⏐ ≤ w(κ)m∆
1+ρ
n

E
(
|αT (n,i−1)∆(n, i)|κ | FT (n,i−1)

)
≤ w(κ)m∆κn .

□ (2.4)
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Assumptions (ii) and (iii) become weaker when ρ ′ increases and ρ decreases, but below we will require ρ ′ < 1/2 and
ρ > 1/4. Note that (i) and (ii) are not compatible if ρ ′ < 1/4, so we implicitly assume ρ ′

≥ 1/4. Also Assumption (ii) with
ρ ′

= 1/4 is satisfied in standard settings; see below for more discussions.
The requirements in (O-ρ, ρ ′) ensure that the sampling, up to themodulating process αt and in a kind of statistical sense,

is close enough to a regular sampling. Of special mention is the first part of (2.4), which ensures a minimal orthogonality
between ∆(n, i) and the past before time T (n, i − 1), and turns out to be essential to get the desired stable convergence in
law below.

This assumption is slightly stronger than Assumption (O) in Jacod et al. (2017). Of course, it accommodates regular
sampling schemes and Poisson schemes (the T (n, i)’s are the jump times of a Poisson process with intensity 1/∆n), both with
αt ≡ 1 and any ρ > 0 and ρ ′

= 1/4. It also accommodates, with ρ ′
= 1/4 in all cases, the following schemes: modulated

Poisson schemes (with a Poisson process with stochastic intensity 1
∆n
αt ), with ρ = 1;modulated randomwalk schemes (when

∆(n, i + 1) = ∆nΦi+1/αT (n,i) and the Φi’s are i.i.d. positive independent of everything else and with E(Φi) = 1 and finite
moments of all orders), with any ρ > 0; time-changed regular sampling schemes (with T (n, i) = inf(t : At = i∆n) and At as
in (O)), with ρ = 1.

Finally, we turn to the noise. At time T (n, i) the process X is contaminated by some noise, meaning that we observe the
variable

Y n
i = XT (n,i) + εni , (2.5)

where the noise is εni .
Before stating our precise assumptions, we recall the ρ-mixing property of a stationary sequence χ = (χi)i∈Z of variables,

indexed by Z: letting Gj = σ (χi : i ≤ j) and Gj
= σ (χi : i ≥ j) be the pre- and post-σ -fields at time j, the ρ-mixing

coefficients of χ for k ≥ 1 are

ρk(χ ) = sup
{
|E(UV )| : E(U) = E(V ) = 0, E(U2) ≤ 1, E(V 2) ≤ 1,

U is G0-measurable, V is Gk-measurable
}
,

(2.6)

and we say that χ is v-polynomially ρ-mixing if for some K > 0, ρk(χ ) ≤ K/kv for all k ≥ 1, where v is a positive number,
which we will assume larger than 3.

Assumption (N-v): The noise (εni )i≥0 can be realized as

εni = γT (n,i) · χi, (2.7)

where γ is a nonnegative Itô semimartingale satisfying Assumption (K-2). Furthermore, (χi)i∈Z is a stationary process,
independent of the σ -field F∞ =

⋁
t>0 Ft , and with mean 0 and variance 1, with finite moments of all orders, and which is

v-polynomially ρ-mixing.
The process γ is included to accommodate possible diurnal features of the noise so that the size of the noise may change

over time, and also a size which may depend on the level of the log-price Xt , while the autocorrelation remains roughly
unchanged. Such features are consistent with the empirical findings in our earlier paper Jacod et al. (2017). A similar model
has been adopted in Zheng and Li (2011) and Xia and Zheng (2018) to capture diurnal patterns in volatility.

The conventionE(χ2
i ) = 1 ismade to resolve thenon-identifiability built in the formulation (2.7), since one couldmultiply

γT (n,i) and divide χi by the same constant without modifying the variables εni . It is thus not a restriction.
Note that the noise can be dependent onX , a formof dependency being induced by the presence of the process γ . However,

despite this dependency, the noise and the process X are uncorrelated, sinceE(εni f (X)) = 0 for any function f (X) of thewhole
path of X: this is a drawback of themodel used here. See Remark 2.8 of Jacod et al. (2017) formore comments on Assumption
(N-v).

We denote by r(m) = E(χ0χm) the autocovariance of the sequence χi, so r(0) = 1 and r(m) = r(−m). The ρ-mixing
property classically implies for some constant K :

|r(m)| ≤
K

(|m| + 1)v
, so R =

∑
m∈Z

r(m) is well defined if v > 1. (2.8)

3. Pre-averaging and estimation of the integrated volatility

Our aim is to estimate the integrated volatility over some time interval [0, t], that is the variable

Ct =

∫ t

0
σ 2
s ds.

For this, we use the pre-averaging method developed in Jacod et al. (2009), plus appropriate estimators for the autocovari-
ance of the noise.

In order to implement the pre-averaging estimators, we need a weight (or, kernel) function g on R, which satisfies

g is continuous, piecewise C1 with a piecewise Lipschitz derivative g ′,

s /∈ (0, 1) ⇒ g(s) = 0,
∫ 1
0 g(s)2ds > 0.
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We also need a sequence hn ≥ 2 of integers going to infinity, and we consider the following numbers (indexed by n ≥ 1 and
i, j ∈ Z), and functions:

gn
i = g(i/hn), gn

i = gn
i+1 − gn

i

φn
j =

1
hn

∑
i∈Z gn

i gn
i−j, φn

j = hn
∑

i∈Z gn
i g

n
i−j

φ(s) =
∫
g(u)g(u − s) du, φ(s) =

∫
g ′(u)g ′(u − s) du

Φ00 =
∫ 1
0 φ(s)

2 ds, Φ01 =
∫ 1
0 φ(s)φ(s) ds, Φ11 =

∫ 1
0 φ(s)

2 ds.

(3.1)

Both φ and φ are even functions with support in [−1, 1]. We have, uniformly in s ∈ R:

φn
[shn]

= φ(s) + O(1/hn), φn
[shn]

= φ(s) + O(1/hn). (3.2)

In the simple case when g(x) = x ∧ (1 − x) for x ∈ (0, 1), we have

φ(0) =
1
12
, φ(0) = 1, Φ00 =

151
80640

, Φ01 =
1
96
, and Φ11 =

1
6
,

see Eqs. (3.11) and (3.12) in Jacod et al. (2009).
Recall that we observe Y n

i , as given by (2.5) and (2.7). More generally, for any process V we write V n
i = VT (n,i), and also

∆n
i V = V n

i − V n
i−1 (so, for example, ∆n

i X is the ith return, and ∆n
i Y = Y n

i − Y n
i−1 is the ith observed (noisy) return). If V n

i is
any array of variables, the pre-averaged values (implicitly depending on g) at stage n are

Ṽ (hn)ni =

hn−1∑
j=1

gn
j ∆

n
i+jV = −

hn−1∑
j=0

gn
j V

n
i+j. (3.3)

A natural estimator for Ct is then the (properly normalized and also truncated in case of jumps) sum of all squares
(Ṽ (hn)ni )

2. However, if we want to achieve the optimal rate, these estimators exhibit a bias due to the noise, as they already
do in the case of regularly spaced observations, no jumps and a white noise. When the noise is colored, the de-biasing term
is more involved. For this we use the following simple averages, based on another sequence kn ≥ 2 of integers increasing to
infinity:

V n
i =

1
kn

kn−1∑
j=0

V n
i+j, (3.4)

and form ∈ {0, . . . , kn} we set

U(m)nt =

Nn
t −5kn∑
i=0

(Y n
i − Y n

i+2kn )(Y
n
i+m − Y n

i+4kn ) (3.5)

Actually, U(m) is a proxy for
∑Nn

t −5kn
i=0 γ n

i χiχi+m, which itself is, after proper normalization, an estimator for r(m)
∫ t
0 γs ds:

indeed, since γ and X do not vary ‘‘too much’’ in the time interval [T (n, i), T (n, i + 5kn)], the ith summand in (3.5) is close
to γ n

i (χ
n
i − χn

i+2kn )(χ
n
i+m − χn

i+4kn ); since m ≤ kn, the two variables χn
i+2kn and χn

i+4kn are sufficiently close to 0 and also
uncorrelated themselves and with χn

i and χn
i+m for the ith summand to be nearly γ n

i χ
n
i χ

n
i+m.

As a matter of fact, we need pre-averaging for estimating Ct , and also for estimating the asymptotic variance, with two
different window sizes hn and h′

n. We need the sequence kn in (3.4) for de-biasing, and another sequence k′
n ≥ 2 of integers

going to infinity for the asymptotic variance again. The precise behavior of those sequences is as follows, for some real
number θ > 0:

hn ∼
θ

√
∆n
, h′

n ≍
1
∆τn

with
1
2
< τ ≤

3
5
, kn ≍

1

∆
1/5
n
, k′

n ≍
1

∆
1/8
n
. (3.6)

Here, an ∼ bn is the usual equivalence and an ≍ bn means 1/K ≤ an/bn ≤ K for some constant K ≥ 1. In practice,∆n is not
observable, and a good proxy for its order of magnitude is 1/Nn

1 .
Since our underlying process X may jump, in order to eliminate those jumps we use the truncation method of Mancini

(2001) on the pre-averaged values. This is done by using yet two other tuning parameters un, u′
n > 0 satisfying

un ≍ (hn∆n)ϖ , u′

n ≍ (h′

n∆n)ϖ with
1

4 − 2r
< ϖ <

2[v] − 3
4[v] − 4

. (3.7)

Here, [v] denotes the integer part of v and r is the bound on jumps activity in (H-r). If we know that X is continuous, then we
do not need to truncate and wemay take un = u′

n = ∞, although using the truncation above is innocuous in the continuous
case. Otherwise, (3.7) requires r < 2[v]−4

2[v]−3 , which is smaller than 1 but goes to 1 as v increases to infinity: this is to be
compared to the bound r < 1 for the same method when there is no noise.
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We are now ready to exhibit our estimators for Ct , with φn
0 and φn

m associated with hn = hn in (3.1):

Ĉn
t =

1

hn φ
n
0

Nn
t −hn∑
i=0

(̃Y (hn)ni )
2 1

{|̃Y (hn)ni |≤un}
−

1

h2
n φ

n
0

k′n∑
m=−k′n

φn
m U(|m|)nt . (3.8)

Note that Ĉn
t only depends on the variables Y n

i occurring within the time interval [0, t]. The first term on the right hand side
above equals Ct , plus a term of order ∆1/4

n which is asymptotically mixed normal (giving rise to the CLT below), plus a bias
term equal to φ(0)

θ2
R

∫ t
0 γs ds (with R as in (2.8)); on the other hand, the last term equals this bias term, plus o(∆1/4

n ). Note that
for a white noise this bias is the same (with R = 1), whether the sampling is regular or not, and in all cases the bias is of
order 1: so the de-biasing in (3.8) is necessary, otherwise the estimators would not even be consistent for Ct .

These estimators are consistent for estimating Ct , and enjoy a CLT for any fixed time t . However, to make the CLT feasible,
we need consistent estimators for the (conditional) variance in this CLT. Toward this aim, we define a series of processes,
where belowm,m′

∈ {0, . . . , kn}:

U(m,m′)nt =

Nn
t −11kn∑
i=0

(Y n
i − Y n

i+2kn )(Y
n
i+m − Y n

i+4kn )(Y
n
i+6kn − Y n

i+8kn )(Y
n
i+m′+6kn

− Y n
i+10kn )

V (m)nt =

Nn
t −h′

n−6kn∑
i=0

(̃Y (h′
n)

n
i )

2 1
{|̃Y (h′

n)
n
i |≤u′

n}

(
Y n
i+h′

n+kn
− Y n

i+h′
n+3kn

)(
Y n
i+m+h′

n+kn
− Y n

i+h′
n+5kn

)
V n,1
t =

Nn
t −h′

n∑
i=0

(̃Y (h′
n)

n
i )

4 1
{|̃Y (h′

n)
n
i |≤u′

n}

V n,2
t =

k′n∑
m=−k′n

V (|m|)nt , V n,3
t =

k′n∑
m,m′=−k′n

U(|m|, |m′
|)nt .

Finally we set

Σn
t =

4
φ(0)2

( hn

h′2
n

Φ00

3φ(0)2
V n,1
t +

1

hnh′
n

2Φ01

φ(0)
V n,2
t +

1

h3
n

Φ11V
n,3
t

)
. (3.9)

For our main result below, we also briefly recall the notion of stable convergence in law. We have a probability space
(Ω,F,P) and a sequence Vn of real-valued variables on it. An extension of this space is (Ω̃, F̃, P̃), where Ω̃ = Ω × Ω ′

and F̃ = F ⊗ F ′ for some other measurable space (Ω ′,F ′), whereas P̃ is a probability measure on (Ω̃, F̃) such that
P̃(A ×Ω ′) = P(A) for any A ∈ F . Then, if V is a variable on (Ω̃, F̃, P̃) and G is a sub-σ -field of F , we say that Vn converges
G-stably in law to V if E(f (Vn) Z) → Ẽ(f (V ) Z) for any continuous bounded f and any bounded G-measurable Z . This is
stronger than the ordinary convergence in law, and G-stable convergence implies G′-stable convergence for any sub-σ -field
G′ of G. The main property of the G-stable convergence of Vn is that, if further another sequence V ′

n of variables on (Ω,F,P)
converges in probability to a G-measurable limit V ′, then the pair (Vn, V ′

n) converges G-stably in law to (V , V ′).

Theorem 3.1. Assume (H-r), (O-ρ, ρ ′) and (N-v), with v > 3, and r < [v]−4
2[v]−3 and ρ > 1/4 and ρ ′ < 1/2. Let hn, h′

n, kn, k
′
n

be as in (3.6) and un, u′
n as in (3.7). Then, for any t > 0, the sequence 1

∆
1/4
n

(̂Cn
t − Ct ) converges F∞-stably in law to a limiting

variable defined on an extension of the original space, and which is of the form

Yt =

∫ t

0
βs dBs, (3.10)

where B is a standard Wiener process independent of F and βt is the square-root of

β2
t =

4
φ(0)2

(
Φ00

θσ 4
t

αt
+ 2Φ01

σ 2
t γ

2
t

θ
R +Φ11

γ 4
t αt

θ3
R2

)
(3.11)

(recall (2.8) for R). Moreover,

1
√
∆n

Σn
t

P
−→

∫ t

0
β2
s ds, (3.12)

and therefore, for any t > 0, the sequence (̂Cn
t − Ct )/

√
Σn

t converges F∞-stably in law to anN (0, 1) variable, independent of F .

Remark 3.2. We have stated the F∞-stable convergence in law only, which is enough for us. However, it is likely that the
usual stable convergence in law holds as well. □
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Remark 3.3. In addition to the truncation threshold un, the estimator in (3.8) involves three tuning parameters, hn, kn and
k′
n. Alternatively, one can use the following two-scale version of PAV that involves only one tuning parameter hn:

Ĉn,TS
t

= −
1
3

⎛⎝ 1

hn φ
n
0

Nn
t −hn∑
i=0

(̃Y (hn)ni )
2 1

{|̃Y (hn)ni |≤un}
−

4

2hn φ
n
0

Nn
t −2hn∑
i=0

(̃Y (2hn)ni )
2 1

{|̃Y (2hn)ni |≤un}

⎞⎠ .
(3.13)

Compared with Ĉn
t , the alternative estimator Ĉn,TS

t has one fewer tuning parameter hence may be more convenient to
use in practice. However, it has a larger asymptotic variance as can be clearly seen via simulations, which is why we do
not pursue this estimator in this article. The reason behind the larger asymptotic variance is basically that the bias in

1
hn φn0

∑Nn
t −hn

i=0 (̃Y (hn)ni )
2 can be corrected by 1

h2n φ
n
0

∑k′n
m=−k′n

φn
m U(|m|)nt , which, (essentially) by results in Jacod et al. (2017),

has a higher convergence rate of
√
n, and consequently does not cause efficiency loss.

Remark 3.4. If we do not truncate in (3.8), then we get consistent estimates of the quadratic variation of X even when X
jumps (and a CLT would still be available in this case, although we do not pursue it in this paper).

Remark 3.5. Because white noise is a special case of our setting, Theorem 3.1 implies that when the noise is white, the
traditional PAV is still consistent even when observation times are irregularly spaced.

4. Simulation studies

Throughout this section we focus on the time interval [0, 1], which represents one day.

4.1. Examining Theorem 3.1

We simulate the case when the underlying process X follows a Heston process (Heston, 1993) with jumps:{
dXt = (µ− νt/2)dt + σt dWt + dJt , t ∈ [0, 1],

dνt = κ(α − νt )dt + ζν
1/2
t dBt ,

(4.14)

where νt = σ 2
t , (Wt ) and (Bt ) are standard Brownian motions with Corr(B,W ) = ρ; J is a compound Poisson process

independent of (Wt ) and (Bt ) as follows

Jt =

Nt∑
i=0

Di,

where (Nt ) is a Poisson process with rate λ, and Di’s are i.i.d. symmetric mixed normals: Di = Bi · Z ′

i , where Bi takes values 1
and −1 with equal probability 0.5, and Z ′

i ∼ N(µ′, σ ′2).
As to the noise process, in the empirical studies in Jacod et al. (2017), we found that the autocorrelations of the

microstructure noise decay slowly. For this reason, we choose χ to be a moving-average (MA) series which approximates a
fractionally differenced process. More specifically, for an exponent d ∈ (−0.5, 0.5) and for a large cutoff value M , χ admits
the following representation

χi = Z ′′

i +

M∑
j=1

ψjZ ′′

i−j, where ψj =
d(1 + d) · · · (j − 1 + d)

j!
, and Z ′′

i ∼i.i.d. N(0, σ 2
0 ). (4.15)

If one letsM = ∞, then one obtains a fractionally differenced process whose autocorrelation function decays polynomially
at the rate of 2d − 1; see pp. 72–73 in Tsay (2002). For finite but large M , the autocorrelation function first decays slowly
till lag M after which the autocorrelation vanishes. We have an additional process γ , which we assume to be an Ornstein–
Uhlenbeck-type process featuring a U-shaped pattern as follows

dγt = −ργ (γt − µt ) dt + σγ dWt , (4.16)

where µt is a deterministic process which is U-shaped, andW is the same Brownian motion as in (4.14). The motivation for
specifying γ to be U-shaped comes from the empirical studies in Jacod et al. (2017) where a (vague) U-shaped pattern is
seen when examining the size of the noise within each day. The observation times T (n, i) follow an inhomogeneous Poisson
process with rate (1+ cos(2π t)/2)× n, and the noise is εni = γT (n,i)χi. Note that in this case the noise εni is dependent on the
underlying process X . The observations are YT (n,i) = XT (n,i) + εni , i = 0, . . . .
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Fig. 1. QQ-plot of normalized errors (Ĉn
1 − C1)/

√
Σn

1 .

The parameters (4.14), (4.15) and (4.16) are taken as follows:

µ = 0.05/252, κ = 5/252, α = 0.04/252, ζ = 0.05/252, ρ = −0.5
λ = 3, µ′

= 0.001, σ ′
= 0.0003,

d = 0.3, M = 100, σ0 = 0.0005,
ργ = 10, µt = 1 + 0.1 cos(2π t), and σγ = 0.1.

(4.17)

The parameter n for the inhomogeneous Poisson process is 23,400. When estimating the integrated volatility, the tuning
parameters θ, hn, h′

n, kn and k′
n in (3.6) are set to be

hn = [0.5
√
N], h′

n = [0.8N0.7
], kn = [N1/5

], and k′

n = [N1/8
], (4.18)

where N = Nn
1 as in (2.3).

We check in Fig. 1 theQQ-plot of normalized errors, i.e., (Ĉn
1 −C1)/

√
Σn

1 , for Ĉ
n
t andΣn

t given respectively by (3.8) and (3.9),
based on 1000 replications. The standard normality is clearly supported. A Shapiro–Wilk test also does not reject normality.

4.2. Comparisons with the traditional pre-averaging estimator

We compare the performance of our estimator Ĉn
1 with the pre-averaging (PAV) method of Jacod et al. (2009). We pick

PAV as the benchmark because it is rate-optimal and has been shown in various applications to perform well.
In the following, since PAV was developed under the equidistant time assumption and when the price process is

continuous (although it also works when there are jumps, upon a proper truncation), we shall adopt an equidistant time
setting and omit the jump term in (4.14) for comparisons. More specifically, throughout this subsection, the observation
times are T (n, i) = i/n for n = 23,400.

4.2.1. When Assumption (NO) is satisfied
We consider the same setting for X, γ and χ as above, the same parameter values as in (4.17), and also the same tuning

parameters hn, kn and k′
n as in (4.18) (h′

n will not be needed as it is only used in estimating the standard error). Namely,
(hn, kn, k′

n) = (76, 7, 4) in this setting.
As to PAV, it only involves one tuning parameter, that is the width of moving average θ

√
n. In the study below θ is set

to be 0.5, just as in Aït-Sahalia et al. (2013). We have also tried θ = 1/3 as in the numerical studies of Jacod et al. (2009)
and the ‘‘optimal’’ θ in the sense of Remark 2 of Jacod et al. (2009). These two choices resulted in larger bias and RMSE and
are omitted in the table. Notice that the ‘‘optimal’’ θ may not be optimal because the volatility is stochastic, as discussed in
Remark 2 of Jacod et al. (2009).

Table 1 documents the results.
We see that our estimator Ĉn

1 yields both smaller bias and smaller RMSE. The bias of PAV is about 30% of the target (the
underlying integrated volatility is about 1.6e−04) and is of the same order as the corresponding RMSE. In contrast, Ĉn

1 has a
substantially smaller bias. The RMSE of Ĉn

1 is about 80% smaller than that of the PAV.
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Table 1
Comparisons of our estimator Ĉn

1 with PAV based on 1000
replications.

PAV Ĉn
1

Bias 5.31e−05 1.75e−06
RMSE 5.44e−05 1.09e−05

Table 2
Comparisons of our estimator Ĉn

1 with PAV based on 1000
replications, when there is rounding.

PAV Ĉn
1

Bias 5.31e−05 1.77e−06
RMSE 5.45e−05 1.10e−05

Fig. 2. Comparison of three (log-)price processes, including the latent price process, the contaminated price process, and the rounded prices as in (4.19).

4.2.2. When there is rounding
We further investigate a case which is closer to reality but with the assumptions of our estimator violated. More

specifically, we study what happens when rounding is involved. We consider the same setting as before, except that the
observed prices are the (contaminated) observed prices in the previous subsection further rounded to cents, or equivalently,
the observed log prices are

Y n
i = log([e(XT (n,i)+ε

n
i )/0.01] ∗ 0.01). (4.19)

A sample price process is plotted in Fig. 2.
One can clearly see the rounding effect from Fig. 2. Note that the ‘‘noise’’ here, which is Y n

i − XT (n,i), does not satisfy
Assumption (N-v).

Table 2 gives the comparison results.
We see similar comparisons as before, namely, our estimator Ĉn

1 yields substantially smaller bias and RMSE.
We also see in the following QQ plot that the standard normality of the normalized errors still roughly holds (see Fig. 3).

5. Empirical studies

In this section, we apply our ‘‘Modified PAV’’ Ĉn
1 and the traditional PAV to estimate the daily volatilities of the stock

Citigroup Inc (NYSE:C), over the month of January 2011. The average size of complete tick-by-tick data is about 246,000 per
day. Following Aït-Sahalia et al. (2011), we remove the outliers due to bouncebacks at the cutoff level of 1%; see Section
7.5 therein. After removing such outliers, there are no more apparent jumps. Because the traditional PAV does not involve
truncation, for comparison purpose, we make no truncation in implementing both the traditional PAV and our estimator
Ĉn
1 . Moreover, as we pointed out in Remark 3.5, when the noise is white, the traditional PAV is still consistent even when
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Fig. 3. QQ-plot of normalized errors (Ĉn
1 − C1)/

√
Σn

1 when observations involve rounding.

observation times are irregularly spaced. For this reason, when applying PAV to tick-by-tick data, we just ignore the fact that
the times are irregularly spaced and apply the estimator as usual.

There are a total of 20 trading days in January 2011. For each day, we apply the two estimators to (1) the complete
tick-by-tick data and (2) data sampled every one second.

About the choices of the tuning parameters, same as in the simulation studies above, the θ for PAV is set to be 0.5 (we also
tried the ‘‘optimal’’ θ in the sense of Remark 2 of Jacod et al. (2009), and the results turn out to be worse). For our estimator,
it involves three tuning parameters, namely, hn, kn and k′

n in (3.6) (h′
n is only used to estimate the standard error). In the

study below, hn is chosen to be the same as the corresponding value for PAV, namely 0.5
√
N . As to (kn, k′

n), for complete
data, (kn, k′

n) = (40, 10). For 1-second data, (kn, k′
n) = (7, 4), the same as in the simulation studies when n = 23,400.

The estimation results are given in Fig. 4.
Several comments about Fig. 4 are in order.

(i) The traditional PAV, when applied to the tick-by-tick data can give rather different estimates than when applied to
the 1-second data. This is certainly an undesirable feature and raises a difficult question of which frequency is more
appropriate to use in order to estimate the latent daily volatility.

(ii) In contrast, the modified PAV gives much more stable estimates.
(iii) The traditional PAV yields higher estimated volatility than the modified PAV. We believe the reason behind such a

difference is that themicrostructure noise for this particular stock is positively autocorrelated (see Jacod et al. (2017)),
and such a positive autocorrelation induces a positive bias in the traditional PAV estimator.

(iv) If we consider 95% confidence intervals, for the traditional PAV, its estimates based on tick-by-tick data are outside
the 95% confidence intervals built using the 1-second data for 14 (=70%) out of 20 trading days under study. This
proportion is suspiciously high. For our modified PAV, the proportion is 25%. Note that because the estimates based
on tick-by-tick data still involve estimation errors, the non-coverage is expected to be higher than 5%.

On the other hand, if we compare the aforementioned estimators with the realized volatility (RV) based on 5-min data,
we find that RV yields estimates of similar level to the traditional PAV; see the bottom panel of Fig. 4. Note that RV is always
positively biased. This confirms the positive bias in the traditional PAV when (blindly) applied to tick-to-tick data. The RV
based on 1-min data yields significantly higher estimates.

6. Conclusions

We propose an estimator of the integrated volatility under a setting when the observation times can be irregular and
endogenous; the market microstructure noise can have polynomially decaying autocorrelations, can be dependent on the
price process, can have diurnal features; and the latent price process can have jumps. We establish consistency as well as
CLTs for the proposed estimator. Simulation studies show that the estimator performs well, not only when our assumptions
are satisfied, but also evenwhen rounding is involved (inwhich case our assumptions are violated). Empirical studies further
demonstrate the advantages of our proposed estimator, mainly, (1) it gives more stable estimates when applied to different
sampling frequencies, including the complete tick-by-tick data; and (2) it can correct the (positive) bias due to the (positive)
autocorrelations in the market microstructure noise.
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Fig. 4. Comparison of different volatility estimates and the associated 95% confidence intervals for Citigroup Inc. in January 2011.
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Appendix A. Scheme of the proofs

In this appendix we give the proof of the main theorem; it contains a long series of lemmas, which are not proven below,
but in the Supplement.

A.1. Preliminaries

Assumption (O-ρ, ρ ′) becomes weaker when ρ decreases and ρ ′ increases, hence, in Theorem 3.1 we may assume
1
4
< ρ ≤

1
2
,

1
4
< ρ ′ <

1
2
, 3 < v ≤

7
2
. (A.1)

Below, we fix a real κ > 2 arbitrarily large, according to our future needs. Then, upon using a classical localization procedure,
there is no restriction to replace the three assumptions (H-r), (O-ρ, ρ ′) and (N-v) by the following stronger one (in (A.2), the
last inequality holds of course for all κ ′

∈ [0, κ], but unfortunately it seems impossible to ‘‘localize’’ the assumption in such
a way that this inequality holds simultaneously for all κ > 0, even if we allow K = Kκ to depend on κ .)

Assumption (S-HON): We have (H-r), (O-ρ, ρ ′) and (N-v) with τ1 = ∞ in (O-ρ, ρ ′) and in Assumption (K-2) for the four
processes b, σ , α, γ ; moreover the function δ and the processes b, σ , α, 1/α, γ , X are bounded and, for some constant
K ≥ 1

Nn
t ≤

Kt
∆n
,

⏐⏐⏐E(
∆(n, i) −

∆n
αT (n,i−1)

| FT (n,i−1)

)⏐⏐⏐ ≤ K∆1+ρ
n

E
(
∆(n, i)κ | FT (n,i−1)

)
≤ K∆κn

(A.2)

We consider the σ -fields Gi = σ (χk : j ≤ i) and Gi
= σ (χk : j ≥ i) of the ‘‘past’’ and the ‘‘future’’ of the pure noise χ , and

the corresponding global σ -field G = G∞ = G−∞. Assumption (N) implies that G and F∞ are independent. Furthermore,
according to (A.4) of Jacod et al. (2017), the ρ-mixing property implies the existence of a constant K such that, for all j > 0
and all square-integrable variables ξ and ξ ′, measurable with respect to Gi+j and Gi respectively, we have⏐⏐E(ξ ξ ′

| F∞)
⏐⏐ =

⏐⏐E(ξ ξ ′)
⏐⏐ ≤

⏐⏐E(ξ )E(ξ ′)
⏐⏐ +

K
jv

√
E(ξ 2)E(ξ ′2), (A.3)

which, in particular, implies (2.8). Moreover, when ξ is square-integrable centered Gi+j-measurable, we have

E
(
E(ξ | F∞ ⊗ Gi)2 | F∞

)
= E

(
E(ξ | Gi)2

)
≤

K
j2v

E(ξ 2). (A.4)

We always assume (S-HON) below. Following usual conventions, the constant K appearing below may vary from line to
line, and may depend on the bounds occurring in (S-HON) and the kernel function g , but not on ω, n or the various indices
i, j, . . . or multi-indices j (to be defined below); when it depends on additional parameters such as q or t we write it as Kq
or Kq,t . We also use random variables Ψ n

par , usually depending on n and other indices or parameters ‘‘par ’’ and varying from
line to line, but which always satisfy

Ψ n
par is nonnegative G-measurable with E((Ψ n

par )
2) ≤ 1. (A.5)

Recall that, if V is one of the processes X, b, σ , σ 2, α, 1/α, γ , or any power of them, for any two finite stopping times
S ≤ S ′ and w ≥ 2, we have⏐⏐E(VS′ − VS | FS)

⏐⏐ ≤ K E(S ′
− S | FS)

E
(
sups∈[S,S′] |Vs − VS |

w
| FS

)
≤ Kw

(
E((S ′

− S)w | FS) + E(S ′
− S | FS)

)
.

Combining this with (A.2) we also get for any i, j ≥ 0, s ≥ 0 and w ∈ [2, κ]:⏐⏐E(V(T (n,i)+s)∧T (n,i+j) − VT (n,i) | FT (n,i))
⏐⏐ ≤ Kj∆n

E
(
sups∈[T (n,i),T (n,i+j)] |Vs − VT (n,i)|

w
| FT (n,i)

)
≤ Kw

(
(j∆n)w + j∆n

)
.

(A.6)

Finally, we need to single out the continuous and purely discontinuous parts of X: we have X = X c
+ Xd, where

X c
t = X0 +

∫ t

0
bs ds +

∫ t

0
σs dWs, Xd

t =

∫
[0,t]×E

δ(s, z) p
=
(ds, dz). (A.7)
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The ith observation at stage n is Y n
i = Y c,n

i + Xd
T (n,i), where Y c,n

i = X c
T (n,i) + εni . Hence the pre-averaged value Ỹ (hn)ni of (3.3)

splits as

Ỹ (hn)ni = Ỹ (hn)
c,n
i + X̃(hn)

d,n
i , where Ỹ (hn)

c,n
i =

hn−1∑
j=1

gn
j (Y c,n

i+j − Y c,n
i+j−1) = −

hn−1∑
j=0

gn
j Y

c,n
i+j .

A.2. A key decomposition

We need to a study the two pre-averaged values Ỹ (hn)ni and Ỹ (h′
n)

n
i . To avoid repeating twice the same arguments, we use

a generic sequence hn, which stands for either hn or h′
n, and satisfies

h3/2
n ∆n → 0, inf

n
h2
n∆n > 0. (A.8)

The corresponding pre-averaged values for any array V n
i are simply denoted as Ṽ n

i = Ṽ (hn)ni .
The proof will be similar in spirit to the one in Jacod et al. (2009). We split the sums in the definition of Ĉn

t into ‘‘big’’
blocks of size phn, with p an integer eventually going to ∞, separated by ‘‘small’’ blocks of size 2hn, which are eventually
negligible but ensure enough conditional independence between the big blocks for having a central limit theorem. We start
with a big block and end with a small block. The number of pairs of blocks and the largest index i = In(p, t) for the variables
Ỹ (hn)ni used inside the last small block are, respectively,

Jn(p, t) = 1 +

[ Nn
t

(p + 2)hn

]
, In(p, t) = Jn(p, t)(p + 2)hn − 1. (A.9)

Notice that the time spanned by the blocks we use is larger than [0, t], but ‘‘not too much’’, and we will need to subtract the
superfluous summands, which will turn out to be eventually negligible. The reason for using extra summands is to ensure
that Jn(p, t) is a stopping time for a suitable discrete-time filtration.

We begin by defining suitable moments of the ‘‘pure’’ noise χi, and for this we need a few specific notation. Let J be the
set of all finite sequences of integers j = (j1, j2, . . . , jq) (they are neither necessarily ordered, nor necessarily distinct and
q ≥ 1), and associate the numbers:

j = (j1, j2, . . . , jq) ↦→ q(j) = q, µ(j) = max(j1, . . . , jq).

We also denote by J+ the subset of all j ∈ J whose all entries jl are nonnegative. We then define for j ∈ J and m ≥ 0:

r(j) = E
( q∏
k=1
χjk

)
, r(m)n = E

(
(χ0 − χn

i+2kn )(χm − χn
i+4kn )

)
r̃(j)n = E

( q∏
k=1
χ̃n
jk

)
= (−1)q

hn−1∑
l1,...,lq=0

r(j1 + l1, . . . , jq + lq)
q∏

k=1
gn
lk
.

(A.10)

We have r(j) = 0 when q(j) = 1, and r(j1, . . . , jq) = r(m + j1, . . . ,m + jq) for all m ∈ Z. Similar properties hold for r̃(j). We
have r(j) = r̃(j)n = 0, and the autocovariance is r(j) = r(0, j).

Next, we introduce a large number of notation, in connection with the block splitting. Recall V n
i = VT (n,i) for any process

V not depending on n. Below, p ≥ 2 and i, j ≥ 0 are integers:

Fn
i = FT (n,i), Hn

i = F∞ ⊗ Gi−hn , Kn
i = Fn

i ⊗ Gi−hn

H(p)nj = Kn
j(p+2)hn , H′(p)nj = Kn

(j(p+2)+p)hn .

ĉni =
∑
j∈Z

(gn
j )

2∆n
i+jC, X̂ c,n

i = (̃X c,n
i )2 − ĉni ,

ε̂ni = (̃εni )
2
− (γ n

i )
2̃r(0, 0)n, X̂ cε

n
i = X̃ c,n

i ε̃ni

Zn
i = (̃Y c,n

i )2 − ĉni − (γ n
i )

2̃r(0, 0)n = X̂ c,n
i + ε̂ni + 2X̂ cε

n
i , ζ (p)ni =

i+phn−1∑
j=i

Zn
j (A.11)

η(p)nj =
1

hnφn0
ζ (p)n(j−1)(p+2)hn , η(p)nj = E(η(p)nj | H(p)nj−1),

η′(p)nj =
1

hnφn0
ζ (p)n(j−1)(p+2)hn+phn , η′(p)nj = E(η′(p)nj | H′(p)nj−1).
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Finally, we define the following processes:

F (p)nt =

Jn(p,t)∑
j=1

η(p)nj , M(p)nt =

Jn(p,t)∑
j=1

(η(p)nj − η(p)nj ),

F ′(p)nt =

Jn(p,t)∑
j=1

η′(p)nj , M ′(p)nt =

Jn(p,t)∑
j=1

(η′(p)nj − η′(p)nj )

Ĉ(p)nt =
1

hnφn0

In(p,t)∑
i=Nn

t −hn+2
Zn
i , Ĉn,1

t =
1

hnφn0

Nn
t −hn∑
i=0

ĉni − Ct

Ĉn,2
t =

1
hnφn0

Nn
t −hn∑
i=0

(
(̃Y n

i )
2 1{|̃Yn

i |≤un} − (̃Y c,n
i )2

)
Ĉn,3
t =

r̃(0,0)n
hnφn0

Nn
t −hn∑
i=0

(γ n
i )

2
−

1
h2nφ

n
0

k′n∑
m=−k′n

φn
m U(|m|)nt .

(A.12)

Then, for all p ≥ 1, and with the choice hn = hn for hn, we have

Ĉn
t − Ct = M(p)nt + M ′(p)nt + F (p)nt + F ′(p)nt − Ĉ(p)nt +

3∑
j=1

Ĉn,j
t , (A.13)

and the leading term is M(p)nt + M ′(p)nt , all others being residual terms. Note that Zn
i is Kn

i+2hn-measurable, hence ζ (p)ni is
Kn

i+(p+2)hn-measurable. Therefore, we have the following key properties:

η(p)nj is H(p)nj -measurable, η′(p)nj is H′(p)nj -measurable. (A.14)

Moreover, Jn(p, t) ≤ r if and only if Nn
t < r(p + 2)hn, which is the same as T (n, r(p + 2)hn) > t , hence

each Jn(p, t) is a stopping time for the discrete-time filtration (H(p)nj )j≥0. (A.15)

A.3. Estimates for the process X

It is convenient to introduce the auxiliary processes

Gn,i
s =

hn−1∑
j=1

g(j/hn) 1(T (n,i+j−1),T (n,i+j)](s)

Bn,i
t =

∫ t
0 buGn,i

u du, Mn,i
t =

∫ t
0 σuG

n,i
u dWu Xd,n,i

t =
∫

[0,t]×E δ(u, z)G
n,i
u p

=
(du, dz)

X c,n,i
t = Bn,i

t + Mn,i
t , Cn,i

t =
∫ t
0 σ

2
u (Gn,i

u )2 du

They all vanish for t ≤ T (n, i), and Gn,i
t = 0 and all others are constant (in time) for t ≥ T ′(n, i) := T (n, i + hn − 1). We have

X̃n
i = X̃ c,n

i + X̃d,n
i , X̃ c,n

i = X c,n,i
T ′(n,i), X̃d,n

i = Xd,n,i
T ′(n,i), ĉni = Cn,i

T ′(n,i),

and we define for any j, j′ ≥ 0 the variables

Ĝn,i
j,j′ =

∫
∞

0
Gn,i+j
u Gn,i+j′

u du, Gn,i
j,j′ =

∫
∞

0
Gn,i+j
u Gn,i+j′

u du
∫ u

0
Gn,i+j
s Gn,i+j′

s ds. (A.16)

Upon using (A.2) and Hölder’s inequality, and also Burkholder–Gundy inequality for Mn,i below, we have for w ∈ [0, κ]
and w′

∈ [r, κ] and 0 ≤ j < j′:

E
(
(Var(Bn,i

∞
))w + (Cn,i

∞
)w | Fn

i

)
≤ Kw(hn∆n)w

E
(
|Mn,i

T (n,i+j′) − Mn,i
T (n,i+j)|

w
| Fn

i+j

)
≤ Kw((j′ − j)∆n)w/2

E
(
sups |Mn,i

s |
w

| Fn
i+j

)
+ E

(
|̃X c,n

i |
w

| Fn
i+j

)
≤ Kw(hn∆n)w/2.

(A.17)

For Xd,n,i we have the following estimates (recall r < 1):

Lemma A.1. If 0 < q < 1/r and w ≥ r and η > 0 we have

E(|(hn∆n)−qX̃d,n
i |

w
∧ 1 | Fn

i )
⏐⏐ ≤ Kq,w,η(hn∆n)1−qr−η. (A.18)

Lemma A.2. For any w ∈ [2, κ/2] and 0 ≤ j ≤ j′ ≤ phn we have⏐⏐E(̂X c,n
i | Fn

i )
⏐⏐ ≤ Khn∆

3/2
n (1 + h1/2

n ∆ρn ), E(|̂X c,n
i |

w
| Fn

i ) ≤ Kw(hn∆n)w (A.19)
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⏐⏐E(̂
X c,n
i+j X̂

c,n
i+j′ − 4(σ n

i )
4 Gn,i

j,j′ | Fn
i

)⏐⏐ ≤ Kp (hn∆n)5/2 (A.20)

⏐⏐E(̂
cni − (σ n

i )
2 Ĝn,i

0,0 | Fn
i

)⏐⏐ ≤ K (hn∆n)2 (A.21)

⏐⏐E(
(̃X c,n

i )4 − 6(σ n
i )

4 Gn,i
0,0 | Fn

i

)⏐⏐ ≤ K (hn∆n)5/2. (A.22)

A.4. Estimates for noise

Lemma A.3. Let p ≥ 1. For all j = (j1, . . . , jq) ∈ J+ with µ(j) ≤ phn we have

|̃r(j)n| ≤ Kp,q/h
v

⋀
[(q+1)/2]

n . (A.23)

In connection with the notation (A.5), we now explain a simple procedure which will often be used. Consider two
integrable variables, U which is F∞-measurable, and ξ which is G-measurable. Then⏐⏐E(ξ | Gi−hn )

⏐⏐ ≤ KΨ n
i ⇒

⏐⏐E(U ξ | Kn
i )

⏐⏐ ≤ KΨ n
i

⏐⏐E(U | Fn
i )

⏐⏐. (A.24)

This follows from the property E(U ξ | Kn
i ) = E(ξ | Gi−hn )E(U | Fn

i ), which in turn comes from the measurability properties
of U and ξ , the definition of Kn

i , and the independence between F∞ and G.

Lemma A.4. Let p ≥ 1 and q ≥ 2. For all j = (j1, . . . , jq) ∈ J+ with µ(j) ≤ phn, all j ∈ {0, . . . , phn}, and all F∞-measurable
variables U, we have⏐⏐E( q∏

m=1
ε̃ni+j+jm − (γ n

i )
q r̃(j)n | Kn

i

)⏐⏐ ≤ Kp,q
(
Ψ n

i,j,j/h
v
n +∆n/h

[
q−1
2 ]

n
)

⏐⏐E(
U

( q∏
m=1

ε̃ni+j+jm − (γ n
i )

q r̃(j)n
)

| Kn
i

)⏐⏐
≤ Kp,q

(
Ψ n

i,j,j/h
v
n +∆

1/2
n /h

[
q−1
2 ]+

1
2

n
)√

E(U2 | Fn
i )

(A.25)

and also⏐⏐E(
U ε̃ni+j | Kn

i

)⏐⏐ ≤ Kp
Ψ n

i,j

hvn
E(|U | | Fn

i ), (A.26)

q an even integer ⇒ E
(
(̃εni )

q
| Kn

i

)
≤ KΨ n

i,j/h
v

⋀ q
2

n , (A.27)

E
(
(̃Y c,n

i )q | Fn
i

)
≤

{
KΨ n

i,j(hn∆n)q/2 if 0 ≤ q ≤ 2[v]

K (hn∆n)q/2 + KΨ n
i,j/h

v
n if q > 2v is an even integer.

(A.28)

Lemma A.5. With the notation (A.16), we have for j, j′ ∈ {0, . . . , phn} and q ≥ 2 and even integer:⏐⏐E(̂εni | Kn
i )

⏐⏐ ≤ KΨ n
i ∆n,

⏐⏐E(X̂ cε
n
i | Kn

i )
⏐⏐ ≤ KΨ n

i ∆
1/2
n /hv−1/2

n (A.29)

E((̂εni )
q
| Kn

i ) ≤ KΨ n
i /h

v
⋀

q
n , E(|X̂ cε

n
i |

4
| Kn

i ) ≤ KΨ n
i ∆

2
n (A.30)

⏐⏐E(̂εni+j ε̂
n
i+j′ | Kn

i ) − (γ n
i )

4 (̃r(j, j, j′, j′)n − (̃r(0, 0)n)2)
⏐⏐ ≤ KpΨ

n
i ∆

5/4
n (A.31)

⏐⏐E(X̂ cε
n
i+j X̂ cε

n
i+j′ | Kn

i ) − (σ n
i γ

n
i )

2 r̃(j, j′)nĜn,i
j,j′

⏐⏐ ≤ KpΨ
n
i h

1/2
n ∆3/2

n (A.32)

Lemma A.6. Let un ≍ (hn∆n)ϖ . Under (3.7) there are a number η > 0 and a constant K (depending onϖ and on the sequence
un) such that, for (w, z) ∈ {(1, 1), (1, 2), (2, 1)},

E
(⏐⏐ (̃Y n

i )
2z 1{|̂Yn

i ≤un} − (̃Y c,n
i )2z

⏐⏐w)
≤ K (hn∆n)1+

wz
2 +η. (A.33)
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Finally, we give estimates on the processes U(m)n, U(m,m′)n and V (m)n.

Lemma A.7. If 0 ≤ m,m′
≤ kn we have for some η > 0:

E
(⏐⏐⏐U(m)nt − r(m)

Nn
t −5kn∑
i=0

(γ n
i )

2
⏐⏐⏐ ) ≤ Kt

√
kn√
∆n

E
(⏐⏐⏐U(m,m′)nt − r(m)r(m′)

Nn
t −11kn∑
i=0

(γ n
i )

4
⏐⏐⏐ ) ≤ Kt

√
kn√
∆n

E
(⏐⏐⏐ V (m)nt − r(m)

Nn
t −h′

n−6kn∑
i=0

(γ n
i )

2 (̃Y (h′
n)

c,n
i )2

⏐⏐⏐ ) ≤ Kt h
′1+η
n ∆

η
n.

(A.34)

A.5. Auxiliary computations

Below, our main aim is to estimate various moments of the variables ζ (p)ni of (A.11).

Lemma A.8. In the case hn = hn, we have⏐⏐E(ζ (p)ni | Kn
i )

⏐⏐ ≤ KpΨ
n
i,p∆

1/2
n , E(|ζ (p)ni |

4
| Kn

i ) ≤ KpΨ
n
i,p∆

v/2−2
n (A.35)

⏐⏐E(
(ζ (p)ni )

2
− 4(σ n

i )
4ρ(p, 1)ni − (γ n

i )
4ρ(p, 2)n − 4(σ n

i γ
n
i )

2ρ(p, 3)ni | Kn
i

)⏐⏐ ≤ KpΨ
n
i,p∆

1/4
n (A.36)

where

ρ(p, 1)ni =

phn−1∑
j,j′=0

Gn,i
j,j′ , ρ(p, 2)n =

phn−1∑
j,j′=0

(̃r(j, j, j′, j′)n − (̃r(0, 0)n)2),

ρ(p, 3)ni =

phn−1∑
j,j′=0

r̃(j, j′)nĜn,i
j,j′ .

We now have to evaluate the quantities ρ(p, k)ni . Toward this aim, we complement the notation (3.1) by setting

Φ00 =

∫ 1

0
sφ(s)2 ds, Φ11 =

∫ 1

0
sφ(s)2 ds, Φ01 =

∫ 1

0
sφ(s)φ(s) ds. (A.37)

Lemma A.9. We have⏐⏐⏐E(̂Gn,i
0,0 | Fn

i ) −
hn∆nφ(0)

αn
i

⏐⏐⏐ ≤ K
(
hn∆

1+ρ
n + h2

n∆
2
n

)
. (A.38)

⏐⏐⏐E(Gn,i
0,0 | Fn

i ) −
h2
n∆

2
nφ(0)

2

2(αn
i )2

⏐⏐⏐ ≤ K
(
h2
n∆

2+ρ
n + h3

n∆
3
n

)
. (A.39)

⏐⏐⏐E(ρ(p, 1)n | Fn
i ) −

h4
n∆

2
n

(αn
i )2

(pΦ00 −Φ00)
⏐⏐⏐ ≤ Kph3

n∆
2
n. (A.40)

⏐⏐⏐ ρ(p, 3)ni − 2
h2
n∆n

αn
i

(pΦ01 −Φ01)R
⏐⏐⏐ ≤ Kphn∆n. (A.41)

Lemma A.10. We have⏐⏐ ρ(p, 2)n − 4(pΦ11 −Φ11) R2
⏐⏐ ≤ Kp/hn. (A.42)

We end this subsection with a simple but useful version of ‘‘Riemann integration’’:

Lemma A.11. If V is a càdlàg process, and p ≥ 2, and ln is an arbitrary sequence of positive integers with∆nln → 0, we have for
all t > 0:

∆n

(Nn
t −ln)+∑
i=0

VT (n,i)
P

−→

∫ t

0
Vs dAs, hn∆n

Jn(p,t)∑
j=0

VT (n,(j−1)(p+2)hn)
P

−→
1

p + 2

∫ t

0
Vs dAs. (A.43)
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A.6. The negligible terms

In this subsection we prove that the residual terms defined in (A.12) are negligible once multiplied by the rate 1/∆1/4
n , in

the case hn = hn (this fails when hn = h′
n). Lemma A.6 with w = z = 1, plus Nn

t ≤ Kt/∆n, readily give us

hn = hn ⇒ ∆−1/4
n Ĉn,2

t
P

−→ 0. (A.44)

Lemma A.12. As n → ∞, and if hn = hn, for all p ≥ 2 and t we have∆−1/4
n F (p)nt

P
−→ 0 and∆−1/4

n F ′(p)nt
P

−→ 0.

Lemma A.13. As n → ∞, and if hn = hn, for all p ≥ 2 and t we have∆−1/4
n Ĉ(p)nt

P
−→ 0.

Lemma A.14. As n → ∞, and if hn = hn, for all t we have∆−1/4
n Ĉn,1

t
P

−→ 0.

Lemma A.15. As n → ∞, for all t we have∆−1/4
n Ĉn,3

t
P

−→ 0.

By virtue of (A.13), (A.44), and of the previous three lemmas, the CLT in Theorem 3.1 amounts to the convergence of
1

∆
1/4
n

(M(p)nt +M ′(p)t ). As amatter of fact, at the endwewill let p → ∞, so the processesM ′(p)n are also eventually negligible.
To substantiate this claim, we state a lemma:

Lemma A.16. When hn = hn we have E
(
|∆

−1/4
n M ′(p)ns |

2)
≤ Kt/p.

A.7. Proof of Theorem 3.1

We begin with the CLT forM(p)n, which goes as follows (note that we have the ‘‘functional’’ convergence here):

Proposition A.17. For any fixed p ≥ 2, and if hn = hn, the sequence∆
−1/4
n M(p)n of processes converges F∞-stably in law to the

process

Y (p)t =

∫ t

0
β(p)s dBs, (A.45)

where B is as in Theorem 3.1 and β(p)t is the square root of

β(p)2t =
4

φ(0)2

(pΦ00 −Φ00

p + 2
θσ 4

t

αt
+ 2

(pΦ01 −Φ01

p + 2

)σ 2
t γ

2
t

θ
R +

pΦ11 −Φ11

p + 2
γ 4
t αt

θ3
R2

)
.

This is Lemma 5.7 of Jacod et al. (2009), in a much more general setting and somewhat modified notation, and also the
difference that we only prove the F∞-stable convergence and not the F-stable convergence.

We set η̂(p)nj = η(p)nj − η(p)nj , and ∆(V , p)nj = Vj(p+2)hn − V(j−1)(p+2)hn for any process V . We also set M = M1 ∪ {W },
where W is the Brownian motion driving X and M1 denotes the class of all bounded (Ft )-martingales orthogonal to W . By
(A.14), (A.15) and a standard limit theorem for triangular arrays of martingale differences, for proving Proposition A.17 it
suffices to show the following three convergences:

t > 0 H⇒
1

√
∆n

Jn(p,t)∑
j=1

E
(
(̂η(p)nj )

2
| H(p)nj−1

) P
−→

∫ t

0
β(p)2s ds (A.46)

t > 0 H⇒
1
∆n

Jn(p,t)∑
j=1

E
(
(̂η(p)nj )

4
| H(p)nj−1

) P
−→ 0 (A.47)

t > 0, V ∈ M H⇒
1

∆
1/4
n

Jn(p,t)∑
j=1

E
(̂
η(p)nj ∆(V , p)nj | H(p)nj−1

) P
−→ 0. (A.48)

Proof of (A.46). The jth summand in the left side of (A.46) is E
(
(η(p)nj )

2
| H(p)nj−1

)
− (η(p)nj )

2, and (A.35) yields (η(p)nj )
2

≤

Kp(Ψ n
j )

2∆2
n. Since Jn(p, t) ≤ Kt/

√
∆n and E((Ψ n

j )
2) ≤ 1, we deduce

E
( 1

√
∆n

Jn(p,t)∑
j=1

(η(p)nj )
2
)

≤ Kp t∆n → 0.
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Therefore, it is enough to show the convergence when η̂(p)nj is substituted with η(p)nj . Moreover, (A.36) and Lemmas A.9 and
A.10 imply⏐⏐⏐E(

(η(p)nj )
2

| H(p)nj−1

)
−

4
(φn0 )

2

(
h2
n∆

2
n
σ4
T (n,(j−1)(p+2)hn)

α2T (n,(j−1)(p+2)hn)
(pΦ00 −Φ00)

+
1
h2n
γ 4
T (n,(j−1)(p+2)hn)(pΦ11 −Φ11) + 2∆n

(σ2γ 2)T (n,(j−1)(p+2)hn)
αT (n,(j−1)(p+2)hn)

(pΦ01 −Φ01)
)⏐⏐⏐

≤ Kp Ψ
n
j,p∆

5/4
n .

Hence, the result follows from (A.43), φn
0 → φ(0) and hn

√
∆n → θ because hn = hn. □

Proof of (A.47). It suffices to prove the result with η̂(p)nj substituted with η(p)nj . (A.35) and 1/|φn
0 | ≤ K yield E

(
(η(p)nj )

4
|

H(p)nj−1

)
≤ KpΨ

n
j,p∆

v/2
n . Using again Jn(p, t) ≤ Kt/

√
∆n and E(Ψ n

j,p) ≤ 1, plus v > 3, we obtain the result. □

Proof of (A.48). (1) Since E(∆(V , p)nj | H(p)nj−1) = 0, the desired convergence for V ∈ M amounts to

∆1/4
n

Jn(p,t)∑
j=1

E
(
ζ (p)n(j−1)(p+2)hn∆(V , p)nj | H(p)nj−1

) P
−→ 0.

Recall the decomposition X̂ c,n
i = 2

∑4
l=1 D

n,i
l of the proof of Lemma A.2. Setting

Z(k)nj =

(j−1)(p+2)hn+phn−1∑
i=(j−1)(p+2)hn

z(k)ni , where

z(1)ni = 2Dn,i
1 , z(2)ni = 2(Dn,i

2 + Dn,i
3 + Dn,i

4 )

z(3)ni = ε̂ni , z(4)ni = X̂ cε
n
i ,

we are thus left to proving that, for k = 1, 2, 3, 4,

A(k)n := ∆1/4
n

Jn(p,t)∑
j=1

E
(
Z(k)nj∆(V , p)nj | H(p)nj−1

) P
−→ 0. (A.49)

(2) For the cases k = 2, 3, 4, in view of (S.24) it suffices to prove (A.2) in restriction to the set {Mn
t+1 ≤ ∆a

n}, for some
a ∈ [1/2+ρ ′, 1). Observing that (1+(p+2)hn)∆a

n ≤ 1 (for n large enough), on this set we have T (n, Jn(p, t)(p+2)hn) ≤ t+1,
hence the left side of (A.48) only involves the process V stopped at time t +1. In other words, it is enough to prove the result
when V is a square-integrable martingale up to infinity (of course when V ∈ M1 this is automatically the case, but this
allows us to accommodate the case V = W below, which is thus replaced by Vs = Ws∧(t+1)).

Below, we suppose that i is in the range of the sum defining the variables Z(k)nj , and we heavily use hn = hn ≍ 1/
√
∆n.

When k = 2 we use the estimates (S.1) to obtain⏐⏐E(z(k)ni ∆(V , p)nj | H(p)nj−1)
⏐⏐ ≤ Kp Γ (k)ni

√
E
(
(∆(V , p)nj )2 | H(p)nj−1

)
, (A.50)

with Γ (2)ni = ∆
3/4
n . When k = 3 we use (A.25) with U = ∆(V , p)nj to get (A.50) with now Γ (3)ni = Ψ n

i ∆
3/4
n (use also v > 3).

When k = 4 we use (A.26) with U = X̃ c,n
i ∆(V , p)nj , plus (A.17), to obtain (A.50) once more, with Γ (4)ni = Ψ n

i ∆
1/4+v/2
n .

One deduces from (A.50) and the definition of Z(k)nj that⏐⏐E(Z(k)nj∆(V , p)nj | H(p)nj−1)
⏐⏐ ≤ Kp Γ

′(k)nj
√
E
(
(∆(V , p)nj )2 | H(p)nj−1

)
,

where Γ ′(k)nj =

(j−1)(p+2)hn+phn−1∑
i=(j−1)(p+2)hn

Γ (k)ni ,

and the Cauchy–Schwarz inequality yields E(A(k)n)2 ≤ Kp βnδ(k)n, where

βn = E
(Jn(p,t)∑

j=1

(∆(V , p)nj )
2
)
, δ(k)n =

√
∆n E

(Jn(p,t)∑
j=1

(Γ ′(k)nj )
2
)
.

Since V is a square-integrable martingale, βn = E((VT (n,Jn(p,t)(p+2)hn) − V0)2), which is smaller than the finite number
E((V∞ − V0)2). On the other hand,

δ(k)n ≤ phn

√
∆n E

(Jn(p,t)(p+2)hn∑
i=0

(Γ (k)ni )
2
)

≤ Kp E
([Λ/∆n]∑

i=0

(Γ (k)ni )
2
)
,
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where Λ is a constant (depending on p and t) such that Jn(p, t)(p + 2)hn ≤ Λ/∆n. Since E((Ψ n
i )

2) ≤ 1, and in view of the
definition of Γ (k)ni , we deduce that δ(k)n is smaller than Kp,t

√
∆n in all cases k = 2, 3, 4, so (A.49) holds.

(3) Finally, consider the case k = 1. Since Mn,i is a stochastic integral with respect to W , when V ∈ M1 we see that
E
(
z(1)ni ∆(V , p)nj | H(p)nj−1

)
= 0 when i is between (j − 1)(p + 2)hn and (j − 1)(p + 2)hn + phn − 1, so A(1)n = 0.

Suppose now that V = W , and let i be as just above. Then

E
(
z(1)ni ∆(V , p)nj | Fn

i

)
= 2E

(∫ T ′(n,i)

T (n,i)
X c,n,i
s σs Gn,i

s ds | Fn
i

)
We have X c,n,i

s σs = Mn,i
s σ

n
i + Bn,i

s σ
n
i + X c,n,i

s (σs − σ n
i ), so the above is 2

∑3
l=1 E(H

n
k | Fn

i ), where

Hn
1 = (σ n

i )
2
∫ T ′(n,i)
T (n,i) Gn,i

s ds
∫ s
T (n,i) G

n,i
u dWu

Hn
2 = σ n

i

∫ T ′(n,i)
T (n,i) Gn,i

s ds
∫ s
T (n,i) G

n,i
u (σu − σ n

i ) dWu

Hn
3 =

∫ T ′(n,i)
T (n,i)

(
Bn,i
s σ

n
i + X c,n,i

s (σs − σ n
i )

)
Gn,i
s ds.

Using the definition of Gn,i
s , we can compute Hn

1 explicitly in the same way as in Step 2 of the proof of Lemma A.9, to get
Hn

1 = (σ n
i )

2(H ′
n + H ′′

n ), where

H ′

n =

hn−1∑
r=1

(gn
r )

2
∫ T (n,i+r)

T (n,i+r−1)
(Ws − WT (n,i+r−1)) ds, H ′′

n =

hn−2∑
l=1

gn
l ∆

n
i+lW

hn−1∑
r=l+1

gn
r ∆(n, i + r),

and we make the following further decomposition H ′′
n =

∑4
m=1 L

n
m:

Ln1 =
∑

1≤l<r≤hn−1
gn
l g

n
r ∆

n
i+lW

(
∆(n, i + r) −

∆n
αni+r−1

)
Ln2 = ∆n

∑
1≤l<r≤hn−1

gn
l g

n
r ∆

n
i+lW

(
1

αni+r−1
−

1
αni+l

)
Ln3 = ∆n

∑
1≤l<r≤hn−1

gn
l g

n
r ∆

n
i+lW

(
1
αni+l

−
1

αni+l−1

)
Ln4 = ∆n

∑
1≤l<r≤hn−1

gn
l g

n
r ∆

n
i+lW

1
αni+l−1

.

It is obvious that E(Ln4 | Fn
i ) = 0, and by using (A.2), (A.6) with V = 1/α, plus successive conditioning and the Cauchy–

Schwarz inequality, one checks that E(|Lnm| | Fn
i ) is smaller than Kh2

n∆
3/2+ρ
n when m = 1, than Kh2

n∆
3/2
n vn when m = 2 and

than Kh2
n∆

2
n when m = 3. With the same tools, we also get E(|H ′

n| | Fn
i ) ≤ Khn∆

3/2
n ≤ Kv2n , plus E(|H

n
k | | Fn

i ) ≤ Kv2n for
k = 2,3 (use here (A.17) when k = 1, and (A.6) for V = σ when k = 2).

Putting all these together, we arrive at
⏐⏐E(

z(1)ni ∆(V , p)nj | Fn
i

)⏐⏐ ≤ K (∆n + ∆
1/2+ρ
n ), hence

⏐⏐E(
Z(1)ni ∆(V , p)nj | Fn

i

)⏐⏐ ≤

Kp(
√
∆n +∆

ρ
n ). This gives us (A.49) for k = 1, since ρ > 1/4 by hypothesis, and the proof is complete. □

At this stage, we obtain the first claim of Theorem 3.1 exactly as in Jacod et al. (2009): namely, by (A.13), (A.44) and
Lemmas A.12, A.13, A.15 and A.16 the processes V (p)n = ∆

−1/4
n (̂Cn

t − Ct − M(p)n) satisfy

lim
p→∞

lim sup
n→∞

P
(
|V (p)nt | > ε

)
= 0

for all ε > 0 and all t . On the other hand, with a Brownian motion B independent of F being fixed and since with the
notation (3.10) and (3.11) and those of Proposition A.17 we have β(p)s(ω)2 → βs(ω)2 for all s, ω and β(p)2s ≤ K , we must
have Y (p)t

P
−→ Yt . Then the first claim in Theorem 3.1 follows from Proposition A.17.

The last claim of the theorem follows from the first one and from (3.12) by well known properties of the F∞-stable
convergence, once noticed that the limit

∫ t
0 β

2
s ds is Ft-measurable.

It thus remains to prove (3.12), which amounts to the following three convergences:

hn

h′2
n
√
∆n

V n,1
t

P
−→ 3θφ(0)2

∫ t

0

σ 4
s

αs
ds, (A.51)

1

h′
nhn

√
∆n

V n,2
t

P
−→

φ(0)R
θ

∫ t

0
σ 2
s γ

2
s ds, (A.52)

1

h3
n
√
∆n

V n,3
t

P
−→

R2

θ3

∫ t

0
(γs)4αs ds. (A.53)
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Proof of (A.51). In this proof we take hn = h′
n, so V n,1

=
∑3

j=1 U
n,j, where

Un,1
t =

Nn
t −hn∑
i=0

ζ ni , Un,2
t =

Nn
t −hn∑
i=0

ζ ′n
i , Un,3

t =

Nn
t −hn∑
i=0

(
(̃Y n

i )
4 1{|̃Yn

i |≤u′
n} − (̃Y c,n

i )4
)

ζ ni = E
(
(̃Y c,n

i )4 | Kn
i

)
, ζ ′n

i = (̃Y c,n
i )4 − ζ ni .

Then, the result will follow from the following three convergences:

hn

h′2
n
√
∆n

Un,1
t

P
−→ 3θφ(0)2

∫ t

0

σ 4
s

αs
ds, j = 2, 3 ⇒

hn

h′2
n
√
∆n

Un,j
t

P
−→ 0. (A.54)

Lemma A.6 with z = 2 andw = 1 and Nn
t ≤ Kt/∆n yield E(|Un,3

t |) ≤ Kth
′2+η
n ∆

1+η
n for some η > 0, hence (A.54) for j = 3.

Note that ζ ′n
i is Kn

i+2hn-measurable, and E((ζ ′n
i )2) ≤ K ((hn∆n)4 + 1/hvn). Then the same argument as for proving (S.11)

gives us E((Un,2
t )2) ≤ Kt (h5

n∆
3
n + 1/hv−1

n ∆n). Recalling hn = h′
n, we deduce (A.54) for j = 2 by using (3.6).

For studying Un,1
t , we first observe that (̃Y c,n

i )4 = 6(σ n
i )

4Gn,i
0,0 +

∑7
k=1 δ

n,k
i , where

δ
n,1
i = (̃X c,n

i )4 − 6(σ n
i )

4Gn,i
0,0, δ

n,2
i = 4X̃ c,n

i ((̃εni )
3
− (γ n

i )
3̃r(0, 0, 0)n)

δ
n,3
i = 4X̃ c,n

i (γ n
i )

3̃r(0, 0, 0)n, δ
n,4
i = 6(̃X c,n

i )2((̃εni )
2
− (γ n

i )
2̃r(0, 0)n)

δ
n,5
i = 6(̃X c,n

i )2(γ n
i )

2̃r(0, 0)n, δ
n,6
i = 4(̃X c,n

i )3̃εni , δ
n,7
i = (̃εni )

4.

We obtain E(|E(δ(k)ni | K′n
i )|) ≤ K∆n by using (A.22) for k = 1 (since (h′

n∆n)5/2 ≤ K∆n because τ < 3/5 in (3.6)), and (A.27)
for k = 7, and (A.17) plus (A.23) for k = 3,5, and (A.17) plus the second part of (A.25) with U = X̃ c,n

i or U = (̃X c,n
i )2 for

k = 2,4, and (A.26) with U = (̃X c,n
i )3 and again (A.17) for k = 6. Hence (A.54) for j = 1 amounts to having

Un
t :=

2hn

h′2
n
√
∆n

Nn
t −h′

n∑
i=0

(σ n
i )

4Gn,i
0,0

P
−→ θφ(0)2

∫ t

0

σ 4
s

αs
ds. (A.55)

This is a simple consequence of (A.39) and Lemma A.11, both with hn = h′
n, plus (3.6). □

Proof of (A.52). We take again hn = h′
n in this proof. Set

Un
t =

Nn
t −hn−6kn∑

i=1

(γ n
i )

2 (̃Y c,n
i )2, V ′(m)nt = V (m)nt − r(m)Un

t .

(2.8) yields
⏐⏐R −

∑k′n
m=−k′n

r(|m|)
⏐⏐ ≤ K/k′v−1

n , hence by the definition of V n,2
t we have

⏐⏐ V n,2
t − RUn

t

⏐⏐ ≤
K
k′v
n

Un
t + An

t , An
t =

k′n∑
m=−k′n

⏐⏐ r(m) V ′(|m|)nt
⏐⏐.

(A.34) with hn = hn and
∑

m |r(m)| < ∞ imply E(An
t ) ≤ Kh1+η

n ∆
η
n for some η > 0, hence 1

hnh′
n
√
∆n

An
t

P
−→ 0 (recall

hn
√
∆n → θ ), and it remains to prove that

1
hn

Un
t

P
−→ φ(0)

∫ t

0
σ 2
s γ

2
s ds. (A.56)

For this, we reproduce in a simpler way the previous proof. We have Un
= U ′n

t + U ′′n
t , where

U ′n
t =

Nn
t −hn−6kn∑

i=0
ζ ′n
i , U ′′n

t =

Nn
t −hn−6kn∑

i=0
ζ ′′n
i

ζ ni = (γ n
i )

2 E
(
(̃Y c,n

i )2 | Kn
i

)
, ζ ′n

i = (γ n
i )

2 (̃Y c,n
i )2 − ζ ni ,

so (A.56) will result from the following two convergences:

1
hn

U ′n
t

P
−→ φ(0)

∫ t

0
σ 2
s γ

2
s ds,

1
hn

U ′′n
t

P
−→ 0. (A.57)

Since ζ ′′n
i is Kn

i+2hn-measurable and E((ζ ′n
i )2) ≤ K (hn∆n)2, as in the previous proof we deduce E((Un,2

t )2) ≤ Kth3
n∆n, hence

the second part of (A.57). For the first part, we observe that (γ n
i Ỹ

c,n
i )2 = (γ n

i )
2̂cni +

∑3
k=1 δ

n,k
i , where

δ
n,1
i = (γ n

i )
2X̂ c,n

i , δ
n,2
i = 2(γ n

i )
2X̃ c,n

i ε̃ni , δ
n,3
i = (γ n

i )
2 (̃εni )

2.
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Then E(|E(δ(k)ni | K′n
i )|) ≤ Khn∆

5/4
n , by using (A.19) for k = 1, and (A.27) for k = 3, and (A.17) plus (A.26) with U = (γ n

i )
2X̃ c,n

i
for k = 2. Then, if we also use (A.21), (A.38) and Lemma A.11, we readily deduce the first part of (A.57). This completes the
proof. □

Proof of (A.53). First, Lemma A.11 yields

Un
t := ∆n

Nn
t −11kn∑
i=0

(γ n
i )

4 P
−→

∫ t

0
(γs)4αs ds.

Second,
⏐⏐R2

−
∑k′n

m,m′=−k′n
r(|m|)r(|m′

|)
⏐⏐ ≤ K/k′v−1

n implies⏐⏐ V n,3
t −

R2
∆n

Un
t

⏐⏐ ≤
K

k′vn ∆n
Un
t + An

t , where

An
t =

k′n∑
m,m′=−k′n

⏐⏐ r(m)r(m′)
(
U(|m|, |m′

|)nt −
r(m)r(m′)
∆n

Un
t

)
.

Then (A.53) is an obvious consequence of (A.34) and (3.6), plus
∑

m |r(m)| < ∞. □

Appendix B. Supplementary data

Supplementary material Proofs of Lemmas can be found online at https://doi.org/10.1016/j.jeconom.2018.09.006.
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