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1. Introduction

The increasing availability of high frequency data facilitates the understanding of characteristics of price dynamics such
as volatility, jumps, and dependence structure of market microstructure noise. Taking volatility estimation as an example,
in the past few decades, a large body of research has been devoted to answering the question of how to estimate volatilities
more efficiently with high frequency data. In the case where the observed prices do not involve market microstructure
noise, existing methods include the realized volatility (Andersen and Bollerslev, 1998; Barndorff-Nielsen and Shephard,
2002), realized bipower variation (Barndorff-Nielsen and Shephard, 2004), threshold realized volatility (Mancini, 2009),
and threshold realized bipower volatility (Corsi et al., 2010). In the presence of microstructure noise, estimators include
the two-scale realized volatility (Zhang et al., 2005), realized kernels (Barndorff-Nielsen et al., 2008), the pre-averaging
method (Jacod et al., 2009; Podolskij and Vetter, 2009b), the quasi-maximum likelihood estimator (QMLE) (Xiu, 2010), the
estimated-price realized volatility (Li et al., 2016), and the unified volatility estimator (Li et al., 2018). Additionally, Jacod
et al. (2017) study the dependence structure of the market microstructure noise and propose in Jacod et al. (2019) a
volatility estimator that applies directly to tick observations.
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Volatility of volatility is a fundamental quantity that describes the dynamics of volatility processes. However, it is far
less well-understood. Barndorff-Nielsen and Veraart (2009) propose an estimator of the integrated volatility of volatility
(VoV hereafter) under a general nonparametric stochastic volatility model in the absence of microstructure noise. They
first estimate the spot volatility based on the realized volatility over a local time window with window length shrinking
to zero and then construct an estimator of the VoV which, up to a multiplicative correction, is a realized volatility of
the estimated spot volatilities. Vetter (2015) proposes to correct the bias arising from the error in estimating the spot
volatility, and constructs an estimator that achieves n'/# rate of convergence in the absence of noise. In the presence of
microstructure noise, Sanfelici et al. (2015) develop an unbiased estimator of the VoV using Fourier analysis, albeit without
establishing either the convergence rate or the central limit theorem (CLT). Under the assumption that the microstructure
noise is a known parametric function of the limit order book information, Clinet and Potiron (2020) devise an estimator
of the VoV which goes, in essence, to the noiseless case of Vetter (2015) and enjoys the same asymptotic properties as
in Vetter (2015).

Besides the above early-stage explorations of VoV estimation, there is another strand of literature in understanding the
dynamics of volatilities — various tests about the volatility processes, most of which are on parametric specifications. Ait-
Sahalia (1996) develops tests for the spot interest rate model by comparing the density implied by the parametric
specification against a nonparametric estimate of the density. Tests based on the (transition or marginal) density include
those studied in Ait-Sahalia et al. (2009), Song (2011), Hong and Li (2005), Corradi and Swanson (2005), and Ait-
Sahalia and Park (2012). These tests are based on low frequency observations, hence rely on long-span asymptotics.
Under the high frequency data setting, Corradi and White (1999) adopt the variation method for specification tests of
volatility function. Improved tests are proposed in Dette and von Lieres und Wilkau (2003), Dette et al. (2006), Dette and
Podolskij (2008), Chen et al. (2019), and Bull (2017), among others. These articles are built on the assumption that the
price is not contaminated by market microstructure noise. Vetter and Dette (2012), Papanicolaou and Giesecke (2016),
and Christensen et al. (2018) extend these tests to the case where observations are contaminated by microstructure noise.
Most of these tests assume under the null hypotheses that the (stochastic) volatility process is a diffusion process that is
of a particular parametric form. Christensen et al. (2018) test the null hypothesis that the volatility process is a constant
multiplied by a deterministic seasonal component, in which case the VoV is zero.

In this paper, we construct a nonparametric estimator of the VoV based on noisy high frequency data with jumps. We
establish the convergence rate n'/® and build a feasible CLT. To the best of our knowledge, this is the first inference result
for VoV under such a general setting.

In estimating the integrated volatility of the price process, several methods have been proposed, as discussed above. We
provide insightful analogies between the estimation of integrated volatility and the estimation of VoV later in this paper to
facilitate readers’ understanding. However, we emphasize an essential difference between estimating the price process’s
integrated volatility and estimating the VoV. The difference lies in the fact that the (spot) volatility is not observable, not
even in a contaminated form. We will first use the noisy data to build an estimator of the spot volatility and then use
it to construct an estimator of the VoV. In broad terms, with noisy high frequency data observed at frequency n, we use
observations in consecutive small blocks, each with length of time O(n~'/4) to estimate spot volatilities, which can be
viewed as the true spot volatilities contaminated by noise. A truncation method is used to deal with price jumps. Directly
computing the realized variance based on these spot volatility estimates leads to an inconsistent estimate of the VoV. We
resolve this inconsistency by correcting for the bias.

One can construct a test statistic based on the feasible CLT established above to test whether the VoV is at a particular
level. Specifically, the test statistic is the VoV estimator standardized by its asymptotic mean and variance estimator under
the null hypothesis. This test statistic converges (stably) in distribution to a standard normal with a rate of n'/® under the
null hypothesis. Under the alternative hypothesis, the test statistic tends toward positive infinity at a rate of n'/,

Pushing one step further, we show that one could derive a more powerful test when one is interested in testing the
null hypothesis that the VoV is zero. Under the usual continuous Itd semimartingale setup, if the volatility is truly free of
a diffusion component, it will be smoother than the case where the volatility has a diffusion component. Intuitively, this
extra smoothness facilitates the estimation of the spot volatility process, and consequently, should help detect whether
the VoV is non-zero. We carry out this analysis rigorously and develop an estimator of VoV which, when scaled by n'/,
converges (stably) in distribution to an asymptotic bias term plus a mixed normal variable under the null hypothesis.
Based on this convergence result, we construct a new test statistic that diverges at a rate of n'/> under the alternative
hypothesis while converging to a standard normal with a rate of n'/> under the null hypothesis.

The rest of this paper is organized as follows. We introduce the main results in three subsections of Section 2. In the
first subsection, the spot volatility is estimated. In the second, the VoV is estimated, and in the third, the volatility process
is tested to determine whether the VoV is zero. Simulation results are presented in Section 3. An empirical analysis is
provided in Section 4, and we conclude in Section 5. All proofs and supplementary theoretical results are given in the
Appendices.

2. Setup and main results

Suppose that the latent log price process is defined on a filtered probability space (£2, F, (F)i>o0,P), and is a
jump-diffusion process with stochastic volatility described by another diffusion process:
dXt :b[dt—i-(ft thJl_d_]t, (1)

dve =b, dt + & dW,, v, =02, fort €[0,T],
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where b; and E are drift processes; o; (or interchangeably, vt1 / 2) and o; are volatility processes; W, and Wt are standard
Brownian motions which may be correlated with each other; and J; is a pure jump process. For any t, o, represents the spot
volatility, and o; represents the spot volatility of volatility. We emphasize that the assumption that the spot volatility is a
diffusion process is widely adopted in the continuous-time volatility literature, see, e.g., Heston (1993), Barndorff-Nielsen
and Veraart (2009), Ait-Sahalia et al. (2013), Vetter (2015) and Mykland and Zhang (2017).

Observations are contaminated versions of the latent log price process at discrete times:

Yy, =X, + i, (2)

where t;’s are observation times in a fixed time interval [0, T], and &; represents the market microstructure noise that is
used to capture the bid-ask spread, discreteness of price changes etc. In this paper, we only consider the case in which
the observation times are equally spaced, i.e., t; = i/n fori = 0, 1, ...[nT], where [x] denotes the integer part of x.

The assumptions about the observed log price process (2) are more specifically summarized as follows:

Assumption 1. The observed log price process and the latent log price process are given by (2) and (1), respectively.

(i) The drift processes b, b and the volatility processes o, o are all adapted, locally bounded, and cadlag. o; > 0 and
6, > 0forallt > 0. W and W are two standard Brownian motions that may be correlated.

(ii) The jump process J follows

Je =8 *py,

where p is a Poisson random measure on Ry x E with (E, £) an auxiliary Polish space, and with compensator dt ® q(dz);
and § is a predictable function on §2 x R, x . For some 0 < 8 < 1, |8(w, t, z)|? < 8,(z) whenever t < 7,(w), where 1, is a
sequence of stopping times increasing to co, and §,(z) is a sequence of deterministic functions satisfying f 8a(2)q(dz) < o0.

(iii) The noise terms ¢;, i = 0, 1,...[nT] are independently and identically distributed, and are independent of the
latent log price and volatility processes, with mean zero, variance 03, and finite moments of all orders.

The above assumptions with respect to the nonparametric stochastic volatility model are classical and often used in
analyzing high frequency data; see, for example, Vetter (2015), Wang and Mykland (2014), Ait-Sahalia and Jacod (2014),
and Xiu (2010). The assumptions about J suggest that it is a bounded variation process.

2.1. Estimating spot volatility

VoV is an important variable in finance. First, it reflects how stable (or volatile) the volatility is. Second, it is an
important variable in pricing volatility derivatives; see, for example, Cont and Kokholm (2013). Third, it is a basic variable
for studying other important quantities such as the leverage effect, which refers to the generally negative correlation
between asset returns and changes in volatility. Similar to the integrated volatility, which gives an overall measure of
how volatile the price process is, the VoV gives an overall measure of how volatile the volatility process is. One of our
aims is to construct an estimator of the VoV, i.e., fOT Etzdt, based on noisy high frequency data with jumps.

The VoV is indeed the quadratic variation of the volatility process, i.e., fOT Eszds = (v, v)t. Furthermore, the classical
theory using high frequency data shows that methods such as realized volatility and the pre-averaging method can
estimate the VoV if the process v is observable (without or with noise). However, the spot volatilities v;’s are not
observable. A natural path is to first build an estimator 'Dti for the spot volatility, and then to construct an estimator
(T,T)t based on the estimated values V;,. Foster and Nelson (1996) show that the spot volatility could be estimated from
high frequency data using rolling and block sampling filters. Related methods include those of Fan and Wang (2008)
and Liu et al. (2017) in the noiseless high frequency data setting, and the methods of Zu and Boswijk (2014), Mancini
et al. (2015), and Mancino et al. (2017) for noisy high frequency data.

To construct an estimator of the spot volatility based on log prices contaminated by market microstructure noise,
we recall the pre-averaging method, which involves a kernel function and a moving window. Let g(x), x € [0, 1] be the
kernel function and k, be the number of observations in the moving window. The kernel function g is chosen to satisfy
the following properties:

g is continuous, piecewise C! with a piecewise Lipschitz derivative g’,
g(0)=g(1)=0, /lg(s)zds > 0.

0
We define some quantities and functions on R™ associated with the weight function g:
s €[0,1] = ¢i(s) = /1g/(u)g’(u —S)du,  ¢(s) = /1g(u)g(u — s)du,
s> 10 ¢i(s) = ¢2(5)$= 0, S

1
=122 &= / S(S)p(s)ds. i = $i(0).
0

424




Y. Li, G. Liu and Z. Zhang Journal of Econometrics 229 (2022) 422-451

For any process V, set
kn—1
—n
Vi=) gAY, & =gl/k), AV =Vin— Vit

Note that V? is a local weighted average of increments of V. In our simulation and empirical studies, we adopt the
triangular kernel g(x) = x A (1 — x) which leads to

K,—1 K,—1

—n 11 1
Vi=o v Z Vi1j+k;, T Z Vi | -
2\ Kk 4 k

j=0 m j=0
for k, = 2k, where kj, is an integer, and

b1 1//_1 ¢_1¢_1 (D_lSl
1=1, 2= 1 n=g 2= g6 2= g06a0°
However, throughout the derivation of theoretical results, g is assumed to be a general function that satisfies the
conditions mentioned above.

Jing et al. (2014) propose the threshold pre-averaging estimator of the integrated volatility. Let I, be the number of price
increments (with time step 1/n) in a local window that is wider than the pre-averaging moving window (i.e., I, > k).
The threshold pre-averaging estimator over the time interval [i/n, (i + I,)/n] is given by

In—kn+1

1 —n
PA 2
Vi, = Yakn Z (Yiyj) ]I7?+jl<un o 21/, kz Z Y ) (3)

j=0

where u, is a threshold value to remove the impact of jumps. They show that IV(’)’ [ne 1S @ consistent estimator of the
integrated variance fo vsds. A natural estimator for the spot variance v; is then given by
-~ 1 VA
Vt l / Iln

Note that the observations involved to build v, are within the time interval [i/n, (i + I,,)/n].
In the sequel, we set

for t € (i — 1)/n, i/n]. (4)

h=[cin™], upn=cn®, ky=[can'?, 6>1/2, 6, <1/4, >0, i=12,3, (5)

where (¢;) are fixed constants. Proposition 1 gives the asymptotics of D; which we derive based on the results on page
296 of Ait-Sahalia and Jacod (2014) where the latent price process is assumed to be continuous. Before presenting our
result, we define two processes Z and Z’ on an extension (£2, 7, P) of the original probability space (£2, F, P). Conditional
on F, these processes are independent Gaussian white noise processes with the following conditional variances:

Ez2\F)=y2, EZPF) =352,

where

4 201 ®
V= |:¢22C3Ur4+ ol + J 4]- (6)
wz (3 c

Note that fo 2ds is the asymptotic variance of the pre-averaging estimator (Jacod et al., 2009).

We also need the concept of stable convergence in law. Suppose that a sequence of variables (Y;) is defined on a
probability space (§2, F, P) with a sub-sigma-field G C , and that the limiting variable Y is defined on an extended
probability space (£2, F, ﬁ) We say that Y, converges G-stably in law to Y if, for all bounded G-measurable variables Z
and all bounded functions g, Eg(Y,)Z — Eg(Y)Z If G = F, we simply say that Y, converges stably in law to Y and write

Y, 2 y. For more details, see, for example, Jacod and Shiryaev (2003).
Proposition 1. Suppose that Assumption 1 holds.
(i) If1/2 < 61 < 3/4 and (261 — 1)/(4(2 — B)) < 6, < 1/4, then for any fixed t
1,11/2 VA, — ) = Z.
(ii) If 61 = 3/4 and 1/(8(2 — B)) < 6, < 1/4, then for any fixed t
D20 VA® — ) =5 Z 4 ¢1Z]. (7)
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(iii) If 3/4 < 61 < 1 and (1 — 61)/(2(2 — B)) < 6, < 1/4, then for any fixed t

n _ L—
l—(vt — ) = Z].
n

Remark 1. The fastest convergence rate corresponds to the second case when 6; = 3/4, and the rate is n'/%. The same
rate has been obtained by Munk and Schmidt-Hieber (2010) when volatility processes meet suitable Hélder-smoothness
and uniform boundedness conditions. Notice that Munk and Schmidt-Hieber (2010) derive minimax lower bounds for the
estimation of the instantaneous volatility without establishing central limit theorems. Moreover, under a general setup
which considers both price and volatility jumps, an almost optimal rate n'/8~* (for any « > 0) was obtained by Bibinger and
Winkelmann (2018) when volatility consists of both an It6 semimartingale and a component that has Holder continuous
paths with Hélder exponent less than or equal to 1/2.1f 5; = 0 and v, is a bounded variation process, then it is not difficult
to prove that for any fixed t

o~ L— ~
120 VA — v) = 2 + ¢*be 2

when 6; = 5/6. In particular, the convergence rate is n'/®.
2.2. Estimating the VoV

We now construct an estimator of the VoV. Set Z = Z; + ¢1Z/, and by the convergence (7), we have

D= +<, where nl/3%g, 125 LZ, for t=il,/n,i=1,...,[nT/L].
J
In other words, vV can be regarded as the underlying signal process v contaminated by noise ;. Our goal is to estimate
(v, v)¢. We therefore arrive at a situation which is reminiscent of the classical one of estimating the integrated volatility
based on noisy data. But v, and €, are dependent, making the estimation of VoV challenging and our analysis innovative.
Notice that the inference theory for estimating the VoV in the presence of microstructure noise and price jumps has not
been established in the prior literature. Before presenting our VoV estimator, we shall first investigate the properties of
the realized volatility of the estimated spot volatility process.
For an integer m > 1, define

[t/(In/n)]—m—1
V(v; 61, m)} = Z (Vli+mta/n — Vit/n)’- (8)
i=0
Recall (3)-(5) for the definitions of v, I, and the jump truncation threshold u,. We have the following proposition.

Proposition 2. Suppose that Assumption 1 holds, 6; = 3/4 and 1/(8(2 — B)) < 6, < 1/4. Then,

. n_P _ t~z 3 ‘ 2
V(v;01,m)f — (m—1/3) | ojds+ — yods. (9)
0 1 Jo

Remark 2. In the case where prices contain no microstructure noise and jumps, the classical realized volatility theory
P . . . o . . .

states that Y"")(Xi/n — Xi—1m)? —> [ o2ds. Comparing this classical limiting result with Proposition 2, one notices

that there are two main differences in their limiting variables. The first difference is that there is a multiplicator m — 1/3

in the term involving the integrated volatility (of volatility). In fact, if Viymy,/m and Vy,/n in V(v; 6;, m)} are replaced
by f(gljr:;wff”/" vsds/(l,/n) and figjn])l”/" vsds/(l,/n), respectively, then the multiplicator m — 1/3 still exists in the limiting
variable, whereas the term 2 fot yszds / c12 disappears. The multiplicator is due to the use of a local average [Hl"/ " vgds /(ln/n)
to estimate v;. The second difference is the additional term Zfot yszds/c% in Proposition 2 compared with the classical

result. The term 2 fot yszds/c]2 comes from the error induced by estimating 1;:;: Yo/ vsds/(l/n) via Vi, /.

From Proposition 2, one can construct a consistent estimator for (v, v); = fot 62ds provided that the term fot y2ds can
be estimated. To build a consistent estimator of [, y2ds, let

[nt]—kn+1 [nt]—1
_ —n D -
v(Y,p)} = n"/*! E : il 1gn_,, andoZ = i (Aryy.
i=0 i=0

By Lemma A.1 of Jing et al. (2014), suppose that max{(p — 2)/(4(p — B)), 0} < 6, < 1/4, then

p
. »
P 1 2
V(Y,p) — Mp[ <C3\/f2052 + C*‘/fwgz) ds, (10)
0 3
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. . o -~ P
where 1, is the pth order absolute moment of a standard normal random variable. Additionally, 6> — 2. Based on
these results, we build a consistent estimator of fot y2ds as

—

g 40 8 (P, @ -~
/ y2ds = —2V(Y, 4 + — (l _ Ba¥: ) V(Y,2)'02
0

sy s \v; ¥
a (D Dy Pyl S
*3(72_2 ) (@)
3 \ Y3 V3 v,
Finally, we construct our estimator of (v, v); as
TR 3 . n_ 3 t 2
(v,v); = EV(V’ 3/4,1) — E ; ylds. (11)

Remark 3. From the convergence result (9) in Proposition 2, one can see that when m — oo, V(v; 3/4, m)}/(m — 1/3),
which is guaranteed to be positive, is a consistent estimator of the VoV. The bias correction in (11) is not necessary if m
can be chosen sufficiently large. We keep the theory in its general form by allowing m to take different values because
this has further methodological implications. Nonetheless, because the estimator with m = 1 gives the best finite-sample
performance in numerical studies, we present the VoV estimator in the form of m = 1 in the main text and implement
it in subsequent simulation and empirical studies.

Remark 4. In the presence of (finite activity) volatility jumps, similarly to how we obtain an integrated volatility
estimator (3) robust to price jumps, one could impose a further truncation at the spot volatility level in (8). Specifically on
the summands (i.e., the squared estimated spot volatility changes) to make the VoV estimator robust to volatility jumps.

—

To establish the CLT of (v, v),, we must make some additional assumptions. The following assumption is used in Vetter
(2015) to build the distribution theory for the estimator of the VoV based on noiseless data.

Assumption 2. Suppose that Assumption 1 holds and that the diffusion process & has the following form:
dgt = Btdt + E[dW[,

where b and & are two adapted, locally bounded and cadlag processes, and W is a standard Brownian motion that may
be correlated with W and W.

Theorem 1. Suppose that Assumption 1 holds and 1/(8(2 — B)) < 6, < 1/4. Then,
— P
(v, V) — (v, V).

Furthermore, suppose that Assumption 2 holds and 3/(16(2 — B)) < 6, < 1/4. Then, for any fixed t,

t
' (ool = ) £ [ (12
0
where B is a standard Brownian motion independent of F and
9C] ~ 9 ~ 27
2 _ 4 2.2 4
X = 3 % + aaz vt Eyt (13)

with y? being defined in (6).

Remark 5. Similar to the discussions in Remark 2 of Jacod et al. (2009), we may obtain an asymptotic variance that is close
to the parametric efficiency bound of Gloter and Jacod (2001). However, clear discussions may only be possible when o
is constant. This means the VoV is equal to zero, which is not an interesting case for this study. For this reason, we do
not pursue a further theoretical analysis of the optimal choices of the constants c3 and c;. In the empirical studies, we
provide a data-driven procedure to choose the constant c;.

Remark 6. When the latent process X is continuous, Vetter (2015) constructs an estimator for the VoV in the noiseless
case, where the consistency and asymptotic properties of the estimator have been established. In a noisy setting where
the microstructure noise is a known parametric function of trading information, Clinet and Potiron (2020) show that the
same asymptotic properties in Vetter (2015) can be achieved in estimating the VoV. Sanfelici et al. (2015) use the Fourier
method to estimate the VoV for both noisy and noiseless cases. They demonstrate the consistency of the estimator in the
noiseless case and the unbiasedness of the estimator in the noisy case, albeit without establishing either the convergence
rate or the associated CLT. Furthermore, to the best of our knowledge, estimation of VoV has not been studied in the case
where X contains jumps.
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Remark 7. In the noiseless case, the VoV estimator of Vetter (2015) achieves a rate of convergence n'/4. In a noisy setting
without price jumps, Wang and Mykland (2014) study the estimation of the leverage effect, which is defined as the
covariation between the volatility process and the latent return process (X, v);, and develop a consistent estimator with
a rate of convergence n'/®. Mathematically, (X, v), is a third moment quantity, while our target (v, v); is a fourth moment
quantity whose estimation is more involved.

The limiting distribution of Theorem 1 is a mixed normal. To obtain a feasible CLT, we need to build a consistent
estimator of the conditional variance fot X2ds. For a positive integer m > 1, let

[nt/In]—(m+1)
PV(v, m)] =n'/* Z (Dlictmta/n = Vitayn)’s
i—1
[nt/In]—3
BV =n"* " (B ttan — Vian ) Dis20/n = Vg /)
i=1

By the same methods as in the proof of Proposition 2, suppose that Assumption 1 holds, I, = [c;n*/4] and 1/(8(2 — B)) <
6, < 1/4, then we have the following convergence in probability:

3m—1Y¢ ['. 12m—4 (' _ 12 (f
PV(v, m)! — Q/ o;*ds+7/ oszyszds-i-—/ yids, (14)
3 0 C1 0 C13 0
a [T 2 (. 6 [*
BV(v){ N —1[ ajds—i——/ Glylds + —3/ yids. (15)
2 0 €1 Jo Cl 0

Thus, we have the following feasible CLT.

Theorem 2. Suppose that Assumption 2 holds and 3/(16(2 — B)) < 6, < 1/4. Then,

pd D20 W Ve sy g, (16)
Vv &
where
E} =9BV(v)}/2. (17)

Remark 8. From (14), one can construct another consistent estimator of fot X2ds:
29 5 t
TPV(v. 1) = PV (0, 20 + SPV(v. 3)] LN / 2ds. (18)
0

Our simulation results show that the performance of (18) is not as good as (17), and sometimes the estimator in (18)
yields negative values. Mykland and Zhang (2017) propose a two-scale method to estimate the asymptotic variance for
a broad class of integrated parameters. However, applying their asymptotic variance estimator here may also produce
negative values.

2.3. Testing whether a pure drift process gives the volatility process

Our estimation theory established in the previous section can be readily applied to either construct confidence intervals
or build a test against a null hypothesis that the VoV is at a particular level. In this subsection, we show that what we can
obtain is beyond a straightforward application of our feasible CLT if one is interested in testing against the null hypothesis
that VoV is zero. On the one hand, the VoV is zero in popular price models proposed by, e.g., Black and Scholes (1973)
and Vasicek (1977). On the other hand, in the literature of testing parametric specification of volatility as discussed in
the Introduction section, volatility processes under the null hypotheses except that of Christensen et al. (2018) assume
particular parametric forms with either non-zero diffusion components or zero VoV. The null Christensen et al. (2018) test
is given by a constant multiplied by a (differentiable) deterministic seasonal component; thus, the VoV is zero. Therefore,
an interesting question arises naturally: would drift processes alone be sufficient in modeling volatility processes? In other
words, the test problem in our context is: does fO[ G2ds = 0 or not? We solve this problem from the perspective of VoV.
The hypotheses to be tested are formally stated as follows:

t
e (e =ommatseto) =1 v e ({0 =1
0

Here, Hy means the volatility is a pure drift process, while H; means the volatility consists of a non-zero diffusion
component under the setup of this paper.
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Under the null hypothesis, Theorem 1 implies that (v, V) . 0and Z‘f = 27y /c1 From (10), we can then build a
consistent estimator of [; y;ds

t
/ yids
0

16 d? @2 @1, P ~
=4[2224 (Y. 8) + — (— 221#‘ “3”>V(Y,6)yag
Yy | 105¢c57; 15¢; U2 5
2 (P2 o2 1202 + &1, @ -~
L2 ( LY} _ 5 %n iz% 1205, i 1 22>V(Y74)?(03)2
C3 ‘pz 12 3 V3
4 @2 @11 DPpY?  (20L + &P O P -~
T 75( 2 1 43 11 izl//l _( 12 211 2)¥1 + 11 ]2>V(Y,2){'(cr€2)3
a3 vy U2 U5 )
2)At [ P2 D11 Doy 202 + &1 D)2 B D
(56) ( 22 1_4 11 éZdﬁ +2( 12 211 22)1#1 _4 11 121/’1 +¢]2]):| (19)
€3 vy [ V) /2

The consistency of (19) holds under both the null and alternative hypotheses. Then, based on Theorem 1, we obtain a
preliminary test statistic

\/27[0 Ads/c3

and have that Tn N N(0, 1) under the null hypothesis that the volatility process is a bounded variation process and
(v, v); = 0. Theorem 1 also implies that the above test statistic goes to +oo at the rate of n'/® under the alternative
hypothesis.

Can the test be improved in terms of convergence rate? An important observation is that, under the null hypothesis, the
diffusion term in the volatility process disappears and the spot volatility becomes a bounded variation process. Intuitively,
if the volatility is indeed a bounded variation process, then it will be smoother than the usual setting when the volatility
is an It6 diffusion process. This extra smoothness should facilitate the estimation of the spot volatility process. We next
make this intuition rigorous. To this end, we introduce the following notation

@) 3 i [T
o), = > (vw;el, - — / y2ds| . (21)
(o 0

. . —(61) . . . ~
As can be seen from the convergence result (A.28) in Appendix A, (v, v), " is a consistent estimator of fot oszds as long as

——_(3/4
the conditions that 1/2 < 6; < 1 and (1 —64)/(4 — 28) < 6, < 1/4 hold. Obviously, when 6; = 3/4, (v, v)(t /9 reduces

to our proposed VoV estimator (v, v),. Moreover, from the discussion of Remark 12 in Appendix A, it is easily seen that,
(91)

(20)

when fo 2ds = 0, the highest convergence rate in estimating the VoV (which is zero in this case) is achieved by (v, v),
with 8; = 4/5, whose limiting results are summarized into the following proposition.

Proposition 3. Suppose that Assumption 1 holds, & = 0, and 1/(5(2 — B)) < 6, < 1/4. Then, for any fixed t > 0,

——(4/5) 3c
ns (v, vy, =5 2L b2d+/ /ys S,

where (/11,7)£4/5) is given by (21) with 6; = 4/5.

Based on Proposition 3, we define the following infeasible test statistic

~ 'S, v) —3ﬂ bzds
fo Jo (22)

[2
C—%fo yids
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and have that ﬁ N N(0, 1) under the null hypothesis. Under the alternative hypothesis that fot Eszds > 0, the
convergence (A.28) in Appendix A implies that

~ L 52ds
T, = L +o0p(1) | x n'® 4+ 0p(1),

[27 rt
g fO )/54(15

which diverges at the rate of n'/>. This rate is faster than the n'/® of the preliminary test statistic T, in (20). To make
T feasible, we need to consistently estimate the term 27/61 fo 4ds in the denominator and the term 3c; fo b2d5/2 in
the numerator. We treat them one by one as follows.

First, we have seen that fot 4ds defined in (19) consistently estimates fo 4ds under both the null and alternative
hypotheses In fact, under the null hypothesis, by (15), 9BV (v ) /2 (with 61 = 3/4) is a consistent estimator of
27 fo ds/cl, whereas it converges to a limit greater than 27 fo ds/c1 under the alternative hypothesis. Therefore,

_ 27 (F 9
7; := min {3/ yids, BV(I))?} (23)
¢ Jo 2

with #; = 3/4 consistently estimates 27/c1 fo 4ds under both the null and alternative hypotheses. Our unreported

simulation results show that, in finite samples, the test based on (23) outperforms that based solely on 27/c; fo 4ds in
terms of powers while the two tests have comparable sizes. N
Second, under the null hypothesis, we can construct a (nonnegative) consistent estimator of fot b?ds as

2 72
Bt = /0 bzds x lf0 Tas0’ (24)

o —

where fot Egds is defined as follows

—

t nl/6
/ b2ds = e (V(v;5/6,2)f —V(v;5/6, 1)),
O C

1

which, from result (A.29) in Appendix A, is a consistent estimator of fot B?ds, provided that & = 0. We adopt B; because

fot Egds may produce negative values in finite samples. Under the alternative hypothesis, the convergence result (A.28) in
Appendix A implies that

t
V(v;5/6,2)! — V(v;5/6,1)! —> / 52ds
0

and hence fot b2ds and B; are of order Op(n'/6).
We have thus obtained the following feasible test statistic:

——(4/5) 30 A
1/5 v _ 9
T, = . v}, 2 . (25)

VT

The asymptotic property of T, under the null hypothesis follows easily from that of ﬂ We now briefly explain the
asymptotic behavior of T, under the alternative hypothesis as this may not be directly clear. First, because

(/5
T
as indicated by the discussion immediately following (21), we have

45 t
sl = (/ afds+op<1)) x /%
0

under the alternative hypothesis. Second, the discussion following (24) shows that B; = Op(n'/®) under the alternative
hypothesis. Third, the discussion immediately following (23) shows that, under both the null and alternative hypotheses,
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SO R (27/c} [y yids)"/2. Therefore,

t=2
ords
T, = f(’is +op (1) | x n'/s 4 OP(nl/G)

t
/ % Jo vids

showing that the divergence rate of the feasible test statistic T, remains the same as that of the infeasible statistic ﬂ
under the alternative hypothesis. 5

Since T, diverges at a rate n'/> which is faster than that of T, under the alternative hypothesis, we expect that the
test T,, should be more powerful than the preliminary test T, when the sample size n is sufficiently large. Let « be the
significance level and z;_, the 1 — « quantile of the standard normal distribution. The asymptotics of the above feasible
test are summarized into the following theorem:

Theorem 3. Suppose that Assumption 1 holds and 1/(6(2 — B)) < 6, < 1/4. Under the null hypothesis where ¢ = 0. Then,
we have

T, -5 N(0, 1)

and hence lim,,_, o, P(T, > z1_4|Hg) = «. Under the alternative hypothesis where fot Eszds > 0. Then, we have

P
T, =<p n'/>, Ty —> 00,

where a, <p b, means a,/b, = Op(1) and b, /a, = Op(1), and hence lim,_, o, P(T;, > z1_4|H1) = 1.

Remark 9. As can be seen from the proof of Theorem 3, the convergence in fact holds for a wider range of 6,,
i.e, 1/(8(2 — B)) < 6, < 1/4, under the alternative hypothesis.

2.4. Choices of tuning parameters

We elaborate on the choices of tuning parameters involved in our estimation and testing methods. We first consider the
tuning parameter cs that appears in the expression for 2, which is used for estimating the asymptotic variance fot X2ds
defined in (13). Recall expression (6) for ytz. Note that o, is usually small compared with the spot volatility o and (p22C3U[4
is the dominant term, hence large values of c5 usually lead to large ytz. Additionally, as can be seen from the expression of
the asymptotic variance (13), large values of ytz lead to large fot Eszds. Therefore, a moderate value of c3 should be used.
We adopt a value of c; = 0.1,2 which corresponds to k, = 242 (~ 4 minutes) in the case of the second-by-second data
used in our numerical studies. This amounts to using a 4-minute window to mitigate the impact of microstructure noise
by pre-averaging. For the choices of ¢, and 6,, which appear in the threshold u, = c;n~% (see (5)) for truncating price
jumps, we recall the condition 6, < 1/4 of Theorems 2 and 3 and, following Ait-Sahalia et al. (2013), set

U, = vV o2n 14

with ¢, = 4, where o2 is an estimate of the spot variance and we adopt the realized volatility computed using returns that
are sampled every 5-minute and spanned one year. As to c; that controls the size of blocks over which spot volatilities
are estimated, we set ¢c; = 0.4 in simulation studies and choose it adaptively in empirical studies based on a standard
error criterion as follows>:

Data-driven choice of c;. Start estimating the VoV with an initial value c; o for ¢y, and record the associated standard
error. Increase c¢; by a step size ¢y g, repeat this estimation process and record the resulting standard error. Stop when
the absolute value of the marginal decrease in the standard error (in percentage terms with respect to the baseline
case when ¢; = ¢;,9) drops below a threshold c; ;4. Take the last value of ¢; as the final output.

We adopt a fixed ¢; = 0.4 in simulation studies because simulations serve the purpose of verifying our theoretical results,
where the parameters involved are supposed to be fixed constants. We do not pursue a formal theory of setting tuning
parameter values adaptively, as this substantially complicates the theoretical derivations and is of independent interest.
We leave this for future research. Nonetheless, our unreported simulation results show that methods based on setting
c1 adaptively offer very similar performance (in terms of the finite-sample bias and root mean square error (RMSE) for
estimation, and size and power for the test) to those which use a fixed value of ¢c; = 0.4.

2 As discussed in Remark 5, in general, it is difficult to find an optimal choice of c3. Simulation and empirical results are quite robust to values
of c3 € [0.1,0.2].
We implement the data-driven procedure in our empirical study with (cq,0, €155, €1,cna) = (0.2, 0.1, 5%). The (unreported) numerical results are
fairly robust to different choices of these quantities. Based on the feasible CLT Theorem 2, the standard error is computed as n~'/8(5]")"/2, where
El is given by (17).
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Table 1
Sample bias and RMSE of the volatility of volatility estimates produced by (v,v); as
defined in (11) under the Heston model with jumps (26) based on 1000 replications.

Sampling intervals 10 s 5s 2s 1s
Bias —0.0115 —0.0066 —0.0062 —0.0042
RMSE 0.0317 0.0272 0.0241 0.0224

Notes: The target value (v, v); in the simulation is approximately 0.1.

3. Simulation study

In this section, we conduct simulation studies to investigate the performance of our estimation and testing methods.
The results show that our approaches perform well in finite samples.

3.1. Simulation design

We consider two data generating processes with Poisson jumps for the latent log prices, namely, the Heston stochastic
volatility model and a mixed model where the instantaneous volatility process is given by a linear combination of a
deterministic component and the square root (volatility) process of Heston model.

The Heston model
The Heston model with Poisson jumps is defined as follows:

dx, = (uV = vy /2)dt + v} AW, + dJ;,

~ (26)
dve = kDM — v)dt + £v/? dW,,

where J; = ) ., z;, () are i.i.d. normal with mean zero and variance o?, N; is a Poisson process with intensity A, and

d(W, W), = pdt. Taking Ait-Sahalia et al. (2013) as reference, the parameter values are set as u(¥ = 0.05, «V =
10, ¢ = 0.1, p = —0.5, o = 0.015, A = 2, and X, = log(40). Without further mentioning, we shall always
assume & = 1, whereas in problems related to testing, we consider various values of & covering the null and alternative
hypotheses. Note that the Feller condition 2x(Ma(" > £2 holds for £ < 2'/2 under the above setting of parameter values,
ensuring that the spot variance process v; is almost surely positive. The initial value vy of v; is randomly sampled from
its stationary invariant distribution.

The mixed model
The mixed model with Poisson jumps has the following specification:

dX, = H(u® — X,)dt + o, dW; + dJ;,
ol =(1—2¢)og, + ¢w,
oot = v(140.1cos(2rt)),

dve = V(@D — v)dt + £v/? dW,,

(27)

where |, = Zfﬁl z;, (z;) are i.i.d. normal with mean zero and variance 012, N; is a Poisson process with intensity A, the
volatility process o2 consists of two components, while o, has a “U” shape, v, is exactly the same as in the Heston
model (26). The correlation between the two Brownian motions that drive v, and the price process X; is also set as —0.5.
The parameter values for v, are the same as those in the Heston model. Other model parameters are set as follows:
¥ =0.5,u? =4,v=0.3,0/ =0.015 1 = 2, and X, = log(40). We allow ¢ € [0, 1] to cover the null and alternative
hypotheses.

The noise process ¢; is taken to be i.i.d. normal with mean zero and variance 03 = 0.00012. The terminal time point
is chosen to be T = 1 year. And the sampling interval is set as one second, meaning that we have n = 252 x 6.5 x 3600
observations per sample-path. The number of Monte Carlo trials is 1000.

3.2. Estimation results

Table 1 reports the performance of the estimator ml under the Heston model with jumps. As expected, the results
show that the RMSE decreases as the sampling interval becomes smaller. In particular, the estimator performs well at
one-second frequency. In practice, one may use observations at higher frequencies to achieve better accuracy.

—

——(4/5
Table 2 reports the performance of the estimators (v, v); (defined in (11)) and (v, v)(1 /9 (defined in (21) with ; = 4/5)
under the Heston model (26) with & = 0 and the mixed model (27) with ¢ = 0. Note that the true VoV;lssfor the two

. . . . (4/5)
models are zero. While the first estimator (v, v); has a convergence rate of n'/8, the second estimator (v, V),  converges
at a rate of n'/>,
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Table 2
— ———(4/5
Sample mean and RMSE of the estimates produced by (v, v), (defined in (11)) and (v, ">(1/ ) (defined in (21) with

61 = 4/5) under the Heston model (26) with & = 0 and the mixed model (27) with ¢ = 0 based on 1000 replications.

Heston model (¢ = 0) Mixed model (27) (¢ = 0)
Sampling intervals 10 s 5s 2s 1s 10 s 5s 2s 1s
oo mean 00000  —00001 0.0002 0.0003 00010 00008 00003  0.0004
RMSE 00041 00037 00034 00032 00044 00040 00034  0.0031
o mean ~0.0001 —00002 00000  0.0000 00002 00002 00001  0.0001
RMSE 00015 00013 00011  0.0010 00015 00013 00010  0.0009

Table 3
Rejection percentages (sizes) of the test using T, (defined in (25)) based on 1000 replications when data are generated
from the Heston model (26) with £ = 0 and the mixed model (27) with ¢ = 0.

Heston model (§ = 0) Mixed model (27) (¢ = 0)
Sampling intervals 10 s 5s 2s 1s 10 s 5s 2s 1s
10% 104%  8.2% 10.2% 10.1% 9.6% 9.8% 8.9% 10.3%
Nominal 5% 6.2% 5.4% 6.5% 5.8% 5.1% 6.8% 5.6% 5.6%
levels 25%  4.1% 35%  3.8% 3.1% 3.3% 4.0% 3.6% 3.7%
1% 2.2% 2.0%  2.2% 1.8% 2.6% 2.3% 2.0% 1.9%

Notes: The sizes at all significance levels (10%, 5%, 2.5%, 1%) are close to the nominal values.

Table 4
Powers of the test using T, (defined in (25)) based on 1000 replications when data are generated from the Heston
model (26) and the mixed model (27) for different values of & and ¢.

Heston model Mixed model (27)
5 ¢
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
10 s 44.0% 97.4% 99.8% 100% 41.2% 97.4% 99.9% 100%
Sampling 5s 47.1% 99.0% 99.9% 100% 49.6% 98.7% 100% 100%
intervals 2s 62.4% 99.9% 100% 100% 64.7% 99.7% 100% 100%
1s 65.1% 99.9% 100% 100% 69.5% 99.8% 100% 100%

Notes: The significance level of the test is 5%. Rejection rates of different scenarios are reported.

We have the following observations from Table 2:

—

. . ——(4/5)
e As the sample size n increases, the RMSE of both (v, v) and (v, v) / decreases.W )
iy ——(4/5
e The RMSE of the estimator (v, v) is greater than that of the estimator (v,v) =, confirming the faster rate of

—(4/5) . . .
convergence of (v, v) / . This suggests that a test statistic based on the latter estimator should be more powerful
than that based on the former estimator.

3.3. Test results

We now investigate the performance of the test statistic T, defined in (25). We first examine the finite-sample size
property of the test statistic T, under the Heston model (26) with & = 0 and the mixed model (27) with ¢ = 0.
Table 3 reports the sizes (rejection percentages) for various significance levels. The sizes at all significance levels
(10%, 5%, 2.5%, 1%) are close to the nominal values.

We next investigate the power of the above test statistic under both the Heston model and mixed model (27) for
various positive values of £ and ¢. The larger the value of £ (resp. ¢), the larger the true volatility of volatility £2 fol vsds
(resp. ¢ fol vsds). Table 4 demonstrates the power of the test (at 5% significance level) based on T, under both the Heston
model and mixed model (27) for various values of £ and ¢.

We observe from Table 4 the following (under the Heston model (26) and mixed model (27) with the parameter setting
specified above):

e With value of & = 0.2 (or ¢ = 0.2), which corresponds to the case when the expectation of the true VoV is
0.22 x 0.1 = 0.004, it is challenging to separate this case from the null hypothesis. The empirical powers are also
reasonably high and increase as the sampling interval shrinks.

e As £ (or ) increases to 0.4, which corresponds to the case when the expectation of the true VoV is 0.4% x0.1 = 0.016,
the empirical powers are high and close to one when the sampling interval is small.

e Values of £ > 0.6 (or ¢ > 0.6) correspond to cases in which the expectation of the true VoV is 0.036 or larger. The
powers are all equal to one when the sampling interval is small.

To summarize, the test T, is powerful when the data generating process deviates from the null hypothesis.
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Table 5
Powers of the test using T, (defined in (25)) based on 1000 replications when data are generated from
the (rough) stochastic volatility model (28) with different values of Hurst parameter H.

H 0.5 0.4 0.3 0.2 0.1
10s 59.2% 89.7% 98.5% 99.9% 100%

Sampling 5s 65.5% 95.3% 99.8% 100% 100%

intervals 2s 81.3% 98.5% 100% 100% 100%
1s 84.0% 98.5% 100% 100% 100%

Notes: The significance level of the test is 5%. Rejection rates of different scenarios are reported.

3.4. Discussion on alternatives beyond diffusions

We document at the beginning of Section 2 that the It6 semimartingale assumption for the volatility process is widely
adopted in the literature and we make this assumption throughout the paper. However, given the recent discussions on
rough volatility (see, for example, Gatheral et al., 2018), we devote this subsection for such potential alternatives beyond
diffusions.

Gatheral et al. (2018) document an interesting finding in their empirical studies that the volatility process may be better
described by a process driven by fractional Brownian motion with the rough path. Hence, one might prefer to embed H;
in a more extensive alternative, for instance, a diffusion process or a process driven by a fractional Brownian motion with
Hurst index less than 1/2 (i.e., rough volatility whose quadratic variation does not exist). In this case, the VoV needs to
be defined differently according to the Hurst index. However, to the best of our knowledge, an asymptotic theory is not
available to estimate the Hurst index under the stochastic volatility framework. To formally test the roughness of volatility
processes requires an accurate estimation of the Hurst parameter and the corresponding CLT, which is nontrivial. We do
not pursue a formal establishment of testing theory about volatility roughness and choose to stay within the popular
It6 semimartingale setup to avoid diluting this paper’s focus, which is the estimation of VoV and tests based on VoV.
Nonetheless, in this subsection, we investigate our test’s performance under such a more extensive alternative set, which
includes rough volatility, through simulations. Moreover, we also derive the asymptotic behavior of our test statistic under
a general rough volatility framework in Appendix B.

A jump-diffusion type stochastic volatility price model where the underlying volatility process is driven by the (rough)
fractional Brownian motion can be specified as follows

dX, = (uV = ve/2)dt + v} dW, + dJ;,
v/? = exp(o), (28)

do} = P a® — o )dt + cerBfI,

where u'V and the jump process J; are set the same as in (26), B is a fractional Brownian motion with Hurst parameter
H € (0, 1) and is independent of W;. When H = 1/2, Bﬁ’ is the classical Brownian motion; when 0 < H < 1/2, the
path of Bf is rough and has short memory; when 1/2 < H < 1, B{’ has long memory. Gatheral et al. (2018) find
that the volatility of the analyzed data can be described by processes driven by the fractional Brownian motion with
0 < H < 1/2. Taking Gatheral et al. (2018) as reference, the parameter values in this simulation study are set as
k? =5x 107, @ =In(0.1)/2, oy = 0.4, o, = «¥. When H = 1/2, the instantaneous variance v at the long-run
mean «® of o is 0.1 which is comparable with that of the Heston model (26). Again, the noise process ¢; is taken to
be i.i.d. normal with mean zero and variance 62 = 0.00012. The terminal time point is chosen to be T = 1 year. And
the sampling interval is set as one second, yielding n = 252 x 6.5 x 3600 observations per sample-path. The number of
Monte Carlo trials is 1000.

From the results in Table 5, one can see that the test’s power is high under such rough volatility alternatives. However,
our test cannot help infer further the roughness of volatility. To distinguish between rough volatility (i.e., driven by a
fractional Brownian motion) and non-rough volatility (i.e., driven by a Brownian motion) under the fractional Brownian
motion framework, one has to devise a sophisticated testing method that is built on the accurate estimation of Hurst
parameter. We leave this for future research.

Remark 10. In addition to this simulation study regarding the power of T, under rough volatility alternatives, we formally
derive its theoretical asymptotic property in Appendix B (see Theorem 4 in Appendix B) under a rough volatility framework
that is more general than (28), where we show that T, diverges at a rate n?!~")/> given that 0 < H < 1/2 and other
regularity conditions.

4. Empirical analysis

In this section, we apply the proposed estimator and tests to the high frequency transaction data of SPDR S&P 500
(NYSE Arca: SPY), which is the ETF that tracks the S&P 500 stock market index. With the exception of c;, we use the same
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Table 6

Estimation results based on second-by-second trade price data of SPY during 2004-2013.
Year VoV VoV S.E. VoV/IV Year VoV VoV S.E. VoV/IV
2004 0.0017 4e—04 0.1417 2009 0.0201 0.0089 0.3608
2005 0.0011 3e—04 0.1111 2010 0.0179 0.0074 0.716
2006 0.0012 2e—04 0.1290 2011 0.0794 0.0506 2.3422
2007 0.011 0.0025 0.0570 2012 0.0011 3e—04 0.0894
2008 0.9816 0.3745 8.2975 2013 0.0028 8e—04 0.3077

—

Notes: “VoV” denotes volatility of volatility estimates produced by (v, v); (defined in (11)), “VoV
S.E.” denotes their standard errors computed based on (16) and (17), and “IV” denotes the (yearly)
pre-averaging integrated volatility estimates produced by IVé’,’,‘1 defined in (3).

Table 7
Realizations of T, (defined in (25)) and the associated p-values based on second-by-second transaction
data of SPY during 2004-2013.

Year T, p-value of T, Year Ta p-value of T,
2004 7.5437 0 2009 3.4830 0.0002

2005 1.9517 0.0250 2010 4.3108 0

2006 13.2027 0 2011 9.9531 0

2007 7.4298 0 2012 4.5848 0

2008 12.6177 0 2013 5.7119 0

-~

tuning parameter values as in the simulation studies, i.e., c; = 0.1 and u, = 4(c2)/2n~/4, for estimation and tests. As
discussed in Section 2.4, in empirical analyses, we shall choose c¢; adaptively to control the window length for estimating
spot volatilities based on a standard error criterion. Moreover, the value of c; selected by the data-driven method for the
estimation is also adopted for the tests.

4.1. Data

We obtained high frequency data from the NYSE TAQ database. The data set under study spans ten years from
Jan 2, 2004, to Dec 31, 2013, covering the 2008 subprime mortgage crisis. We construct the second-by-second price time
series by taking the closing price in each one-second interval. The conventional previous-tick method of Zhang (2011) was
adopted to deal with those time stamps without price observations. Furthermore, we apply the price validation procedure
of Zhou (1996) to remove price bounce-backs. We only consider data during trading hours (from 09:30 to 16:00). Because
of the relatively low convergence rate in estimating the VoV, we apply our methods to yearly second-by-second price data.
In constructing second-by-second price series that span one year, we remove the overnight returns.

4.2, Estimation results

In this subsection, we apply our estimator to the high frequency data of SPY. Table 6 presents annual estimation
results from 2004 to 2013. For each year, we report the estimated VoV and its associated standard error. From Table 6,
it is clear that the VoV estimate peaks in 2008, the year in which the subprime mortgage crisis occurred. Moreover, the
VoV estimates for SPY in 2004-2006 and 2012-2013 have magnitudes that are very close to zero (ranging from 0.0011
to 0.0028). However, the ratio of VoV estimate to yearly integrated volatility estimate ranges from 8.94% to 30.77% in
these years. Hence, it is natural to ask whether the instantaneous volatility processes could be described by Itd processes
without diffusion components during these years. Additionally, are the VoV’s of the volatility processes during other years
(statistically) significantly larger than zero? We shall answer these questions formally in the next subsection.

4.3. Test results

In this subsection, we formally test the null hypothesis that the SPY volatility process can be modeled by a pure drift
process.

We report realizations of T, statistic (defined in (25) with n'/® rate of convergence) and the associated p-values in
Table 7. Based on the results, at 5% significance level, the test rejects the null hypothesis for all the ten years under study.
Therefore, the conclusion is that pure drift processes are not sufficient for modeling the SPY’s volatility processes during
these years.

An interesting observation is about year 2011. Notice that based on Table 6, the 95% confidence interval of VoV contains
zero. Not surprisingly, the test T, (defined in (20), with n'/® rate of convergence) fails to reject the null hypothesis
(unreported). We do obtain a different result with the more powerful test T,.
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4.4. Discussion

We find in empirical analysis that VoV estimates are highly time-varying from year to year and that small (large) VoV
estimates are associated with small (large) standard errors. This draws caution in interpreting the point estimates. For
instance, “small” VoV estimates do not necessarily imply that pure drift processes are sufficient in modeling volatility
processes. The VoV estimates are relatively small for SPY in 2004-2006 and 2012-2013; however, our test (strongly)
rejects the zero-VoV null hypothesis.

Additional empirical results (unreported) based on individual stocks such as Johnson & Johnson (NYSE: JNJ]), Microsoft
Corporation (NASDAQ: MSFT), International Business Machines Corporation (NYSE: IBM), and McDonald’s Corporation
(NYSE: MCD) demonstrate similar features.

5. Concluding remarks

This paper is the first to derive inference results for the VoV based on noisy high frequency data with jumps. We first
use a threshold pre-averaging method to estimate the spot volatilities and then construct an estimator of the VoV through
proper bias correction to the realized VoV. The corresponding CLT and feasible CLT are established with a convergence
rate of n'/8. We illustrate the applications of our feasible CLT in estimating and testing VoV. We also construct a more
powerful test for the null hypothesis that VoV is zero and show that the test statistic has a divergence rate of n'/> under
the alternative hypothesis that a diffusion component is present in the volatility process.

We show in simulations that the proposed VoV estimator and the test statistic perform well in finite samples. We
also apply the VoV estimator and tests to the second-by-second trade price data of SPY during 2004-2013 and individual
stocks. The empirical results show strong evidence of non-zero VoV.

One potential direction for improving VoV estimation accuracy is implementing the idea of Estimated-price Realized
Volatility (Li et al., 2016). This achieves higher efficiency with trading information taken into account and can be applied
to data of higher frequencies (e.g., tick-by-tick). We leave this for future research.
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Appendix A. The proofs for the main results

In this appendix, we provide proofs of the main results and some supplementary theoretical results. We use K to
denote a constant that may change from line to line, and use K, when we emphasize that it depends on an additional
parameter p. To simplify notation, we denote

Sp=1/n, Ay =18 =1/n.

E denotes the conditional expectation with respect to the o-field Fjs,. Some of the following notation follows from Jacod
et al. (2009). For each n, we define the function

kn—1
gals) =D & (G-130801(5),
=1

which is equal to zero for s > (k; — 1)8, and s < 0, and is bounded uniformly in n. We introduce the processes

S+t s+t
X(n,s) = / bugn(u — s)du + f ougn(u — s)dWy, (A1)
0 0
s+t t kn—1
C(n,s) = / ofgn(u —sPdu, C = / aszds, o = Z(gj”)zA?HC,
0 0

j=1

and note that the processes X(n, s); and C(n, s); vanish for t < 0 and are constant for t > (k, — 1)8,. Moreover, we define
the following two processes

S+t s+t
B(n, s), = / X(n, $)ybugn(u — s)du, M(n,s), = / X(n, $)y0ugn(u — s)dW,,
0 0
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One readily sees that Itd’s formula implies

X(n, s)* = 2B(n, s) + C(n, s) + 2M(n, s). (A2)
Setting X{ = Xo + fo bsds + fo o, dWs, we can rewrite X[ = X{ +J: and X = X(n, idp)k,s,- By a standard localization
procedure, the local boundedness of the processes b, b b,o,5 and @ can be replaced by a boundedness Lumformly in

(w, t)) condition; see, for example, Ait-Sahalia and Jacod (2014). Hence, in the following, we assume that b, b, b, o, & and
o are bounded. Similarly, following Jacod and Protter (2012), we also assume that X is bounded.

Proof of Proposition 1. We only prove (7), and the rest results can be derived using similar arguments. Note that
Y = X¢ 4+ € +]. By (3), we obtain

In—kn+1

In
11 1 _1fn 1 Y1 )
G = |y & CTF T g ARO[
1 In—kn+1
+Iﬂzn Z‘ kann Z [ 1+j |Y+j\<u (X +€l+])]
Yin
21/le k2 Z[ 1+J l+J(XC +6)) ]

Following the result of Ait-Sahalia and Jacod (2014) on page 296 and (3), we obtain that the first term = Zi + c1Z,.
Hence, it remains to show that the second term is of op(1). It thus suffices to show that

n3/4 In—kn+1 ,
oy
PIE Uisg) 1\??+j\<un — 0, (A3)
ntn j:1
/4 kit ) ,
12 Z (X° +6i+1) Lgnou, — 0, (A4)
knln™™ 555
n3/4 In »
21172 Z(A?Jr' y —0, (A5)
k21 P
34 ,
2l Z(A::LJ(XC +€))> — 0. (A.6)
j=1

We only treat (A.3) and (A.4), while (A.5) and (/r\.G) follows easily. B
For the result (A.4), noticing that E/'|X¢ + el-nl <Kn~"4forr > 0,E" U?| < Kn='2 and 6, < 1/4, by Hélder’s inequality,
we have
EMXT T € P1n., < (ENXT+ e )2)a(EM 5

THET ¥712un)

—=n
il

1
—n \ T b
_ 1 _ X¢+ €| U
1/2 1/2 n | i n
< K VAE e o B s )b < Kn (Ei (u“ ) +E| un)

< Kn—]/Z (n(92—1/4)r 4 n92—l/2)%

for 1/a+1/b =1 witha, b > 0and r > 0. Let b be sufficiently close to 1. Then the arbitrariness of r and 6, < 1/4 imply
that result (A.4) holds.
For the result (A.3), similar to result (A.4) of Jing et al. (2014), we have

EMJY Aual < Kn~V2ul™, for g <s<1. (A7)
Note that
1\Y"\<un = 1U?|52un + 1\X¢+e?|>un’ (A.8)

similar to the result (A.4), so it is sufficient to show that
3/4 I

n -n 2 P
12 i+j) 1[]?+j\<2u,1 — 0. (A.9)
knln j=1
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By (A.7), we have

3/4

In
n -n 5
n 21 2 2—s ——9 (2— s)
E; |I 11/2 § :Uw‘) 1U?+j\<2un| =< Kn3 unl?f,nE U ) U |<2up — Kn8k Sntty " < Kns ™

and so the condition 6, > 1/(8(2 — 8)) implies (A.9). O

We need an approx1mat10n lemma to prove Proposition 2. The lemma and Proposition 2 involve the following notation
that are used to rewrite Viymya, — Via,

1 In—kn—1
n(l,m)} = ——— [ci =iy il
i wzknlnsn j:ZO (i+m)lp+j iln+j
1 In—kn—1 .
2. my = WYaknlndn D X mpys) = Ghminss = Ky + s
=0
In—kn—1

—n — —n —
(3, m)i = YoknlyS Z [Xc(i+m)ln+je?i+m)ln+j _Xcil,.-o—je?lnﬂ']’
2 n =0

In—kn—1
1 _ _
n(4, m) = Vakilnd, Z (€ myy i) — €)1
n 1 n
n(5, m)i = 2W2k21 5 Z[(A(,+m 1n+jY) (AllnﬂY) 1,
In—kn—l

S,
n(6, m)} = Vakals, Z (X + €rmy) L gz — X F €a) Tgn o, 1,

l,,—kn—l
] —n —-n
n_ _ - 21 _ _ 21 _
i, mi = Vaknlnd Z U ttm ) 7y 1<t~ Uit 75, 1<
j=0
2 lnikni] n n n n
n __ YC | T _ _ Yc | - T _
n(8, m) = Vaknlndn Z X+ €impnsd emta-1 7 it <t — X €t it 17 1<
j=0

Then, we can rewrite the increment Viym)a, — Via, as follows:

Diemyan — Viay = Y_ G, m)- (A.10)
We define the approximate counterparts of {n(j, m)!}1<j<3 as follows:

~ Ap

o TiAp ~ ~

a1, m) = == f (Wiitmants — Wiats)ds,
PAT I

2042A In—kn—1
A2 m)t = —— 2 N ) sy — T2V
kanAn j=0
2% In—kn—1
o iA —n - —n .
(3, m) = Ik 7 Wity 4€ G emitn s — Wit 1€ty 45)>
28knAn =0
where
(i+kn )8,
Z)n / / 8n(s — 18,)dWsgn(u — i8,)dW,,.
i ™

The following lemma provides estimates for the bounds of relevant approximation errors and quantities.

Lemma 1. Suppose that Assumption 1 holds and r < 4. Then,
(2, m)|" < Ky(kndn)2,
B.ml" < Kk, 1)z,

,1,,|'7(2 m)
lln |7l(3 m)

(A11)

J( 3(
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and
Ep (1, m|" < Ke(lnn)? Ep (2, m)|" < Ki(kn/ln)?
Ef In(3, ml" < Ke(knlndn) ™2, Ejp [n(4, m)|" < Ke(K1n82) 72, (A.12)
ER n(5, m|" < K(ki1,62)"2,

where inequalities (A.12) also hold when n(j, m)} is replaced by 7(j, m)} for j = 1, 2, 3. Suppose that Assumption 2 holds and
r < 4, then

E;;HM(]» m)! — (1, m)ﬁr < Ki(In8n + kn /1) (A13)

Proof. We only prove the case of r = 2. For the result of (A.13), we have

e o 1
1,mp = ==L 97 2 — 0% )ds+0
n( m)l kanAn /()\ (G(l+m)An+S GIAH+S) s + g knAn

1[4 1
= A /0 (U(?+m)An+s - ai2An+s)dS +0p <k A > > (A.14)
n n n

where we use the fact that Zk” ! ) Yok, + O(1). Further,

An (H—m)An+s "
n(1m)f — 71, m)f = / G YAWds
iAp+s

Ap (i+m)An+s ~ 1
— b,duds + Op ( ) .
0 /iA,ﬁ—s ! knAn

Then, it is sufficient to show that the result (A.13) holds for the above two parts. The boundedness of b suggests that

1 An (i+m)Ap+s _
— / f b,duds
An Jo iAn+s

By Hélder’s inequality, Burkholder-Davis-Gundy inequality and Assumption 2, we have

<KA,.

ilp

2

(1+m)An+s
l,ﬂ( / / — Gia, )quds> < KAZ
iAn+s

Hence, we obtain the result (A.13).
For the first result of (A.11), note that from (A.2), it is sufficient to show that

—kn+1
1
[ Z IM(n, (i + M)l + )80 ks — 074, 1)t mn ]| < K(Knbn)?, (A.15)

—kn+1
1
| Z M, (il + 1)8n eusn — 07, 12 451 < K(KnSn)?, (A.16)

] ki

. . . . 1
o Do 1B (G )b+ 108y — BOR (il + 1)8n sy | < Kknba)2. (A.17)
n<=n j:]

The boundedness of b, o, X implies (A.17). For the first two results (A.15) and (A.16), it is sufficient to prove the second
inequality (A.16), as the first inequality can be similarly obtained. By (A.1) and the property of Itd integral, we have
i+kn)dn
EF (M(n, ), — 02, 7(2))° = E? ( /5 /3 bagals — iSn)ouga(tt — i8,)dsdW,

(i+kn)on 2
+ / (o504 — 0'1%") n(S — i6n)gn(u — ian)dWdeu>
51 51

(i+kn)dn u 2 (i+kn)n u
<K El"/ ( |b50u|ds> du + Ei”/ (o50y — ai??n Ydsdu
i6n i6n i8n i6n

< K(kn8p)?, (A18)
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where the fact that o is an It diffusion process is used in the last inequality. Note that Ejj (o} Oily-+i1)6n — o s, N2 +i

(o(lln+12) 5 ,,nsn)r;(z itytj, = 0 for i1 — j2| > kn, we have
1 kit 2
2 2 >

Ej, A Z (Ottipsn — Oitys (245

n n .

j=1
Klnk, , . 2 Kk, ,

=< W 12_1;&5)1(” Ei'lln ((U(iln+j)5n - Unn,sn)'l(z 1"}"4—]’) =< Wlnsn(knan) = Kkn6y,

hence, by (A.18) and Cauchy-Schwarz inequality, we prove the result (A.16).
For the second result of (A.11), it is enough to show

2
In—kn+1

n vy, B .
Eil" Z (X ilp+j TiAy Wiln+j)6iln+j < K’(n s
kit &

by inequality (5.34) of Jacod et al. (2009), it is not hard to show the above inequality.
It is not difficult to show that the results in (A.12) hold. Hence, we have proved Lemma 1. O

We are now ready to give the proof for Proposition 2.

Proof of Proposition 2. Recall that 6; = 3/4 and the notations before Lemma 1. By straightforward calculations, we

obtain
Ej (7(1, m)]* = (m )G,A
8Dy , kn K
Ep (72, m) 2 = — 2o "+ 0p
il, % iA 1 I%
1601, , , 1 1
lln(n(3 m) ) wzz 0ip,Oc Kn + Op I A (A.19)
8dy; , 1
4, m
1ln(n( ) ) 1//22 Oc¢ kglnfsz kzlzgn
2 1
5,m ol Op
EfL(n(5, m)p)* = V2o ke <1<nzn5n>
For convenience, we write 7(j, m)} = n(j, m)! forj=4,...,8, and then
[t/ Apl—m—1 [t/An]-m—1 [ 8 2
VEigmi = Y Gapma, — i’ = > [ Do a6 m)!
i=1 i=1 j=1
[t/An]-m—1 8 [t/ An]—m—1
= Z Z A, my + Z Zﬂ(lu )i (2, m);
j1=1 i=1 J1#42
[t/ Ap]—m—1
+ ) Z (G, M)} = i, m)f XnGa, m)f — i, m)7)
i=1 111'2—1
[t/ An)—m—1
+2 ) Z (G, M)} = (s, m) iz, m)y.
i=1 J1:2=1

The results in (A.19) imply that

[t/An]l-m—1 4 t t
(i P 1 ~2 2 2
Z ZElln m— 3 o,ds+ — yods
i1 0 ¢ Jo

By the Cauchy—Schwarz inequality, then it is enough to show that

[t/An]-m—1 4

> Z (G, m)? — ER(iG, m)! ) — O, (A20)
i=1
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[t/Anl—m—1
ST GiG.my? <0, j=5,....8, (A21)
i=1

[t/An]—m—1

v/ o/ P PR . .
> G mpiGa. m —> 0. jij2 = 1.....8.ji #Ja. (A22)
i=1

[t/An]-m—1 3

vy P
DT . m) — i, m)f)? — 0. (A23)
i=1 =1
For (A.20), by Lemma 2.2.11 of Jacod and Protter (2012), it is sufficient to prove
[t/Anl—m—1
v, P .
> EGG.mt =0, j=1.2,....4 (A24)

i=1
For (A.22), the Cauchy-Schwarz inequality implies that it is sufficient to show (A.21) and to show that (A.22) holds for
j1.j2=1,...,4,j1 #jo. For result (A.22) with j1,jo = 1,...,4,j; # jo, we have

[t/ An]—m—1 2 [t/An)-m-1
< < < < 2
E ( > it miGe. m)?) = Y E(iG, maGa, my)”.
i=1 i=1
Then, by Hélder’s inequality, it is sufficient to show (A.24). For (A.23), Lemma 2.2.10 of Jacod and Protter (2012) implies
that it is sufficient to prove
[t/An]—m—1
</ P .

> Ep (G m) — im0, j=1,2.3. (A25)

i=1
Lemma 1 suggests that arguments (A.24) and (A.25) hold for j = 2, 3. For j = 1 in (A.25), under Assumption 1, by the
proof of (A.13), we have

b G, m)t — i, mf )’ <KAZ+KAE[ (- sup |Gy — &)
s,telidn,(i+m)An]

Then by Lemma 5.4 of Jacod et al. (2009), we have (A.25) for j = 1. Note that Lemma 1 implies that (A.21) holds when
j =5; hence, it remains to show (A.21) forj =6, 7, 8.

For j = 6 in (A.21), similar to the result (A.4), it is not hard to obtain that (A.21) holds for j = 6. For j = 7 in (A.21), by
(A.8), similar to the case j = 6 in (A.21), so it is sufficient to show that

[t/An]-m—1
(7(7, m)'? = 0, (A26)
i=1
where

In—kn—1

v n__ =n
n(7’ m)i N kanlnan Z0 [(](H’m)’nJrj) U (i4m) ln+_)‘<2Un + U'l"+1) len+f‘<2u”].
J:
By (A.7), we have

knSqu2™S < Kn~022=9), (A.27)

n

7, m)’| <
i ) = kndn zln_;<(1+m+1 Iy

K
11,1(]1 ) U] |<2up = knsn

1ln

and so the condition 6, > 1/(8(2 — B)) implies (A.26). For j = 8 in (A.21), by the result for j = 7, Holder’s inequality
suggests that the result holds provided that 6, > 1/(8(2 — g8)). O

Remark 11. By very similar arguments to that of the proof for Proposition 2, we can show that the following general
results hold under the same Assumption 1. That is, if 1/2 < 6; < 1 and (1 —67)/(4 — 28) < 6, < 1/4, then

3
2 5—26 t
V(v; 61, m)! — T /yjds—"> —1/3)f F2ds. (A.28)
0

q

Furthermore, suppose that & = 0, §; = 5/6, and (1 — 6;)/(2 — B) < 6, < 1/4, then

~ 2
"=y (v; 6y, m)! LN m2C1/ bZds + 7/ yids. (A.29)
0 1 Jo
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The convergence results in (A.28) and (A.29) are useful in the construction of our test for whether drift processes are
sufficient in describing volatility processes.

To prove Theorem 1, we follow the same arguments as in the proof of Theorem 2.6 of Vetter (2015). Some additional
notation and a lemma are needed. Let p be an arbitrary positive integer. Define

Jn(p) =t/ An] = 3)/2(p + 2))1, aq(p) :=2(q — )P +2), by(p) = aq(p) + 2p, (A.30)
forq=1,2,...,Ju«(p), where J,(p) is the number of big blocks with common time span 2(p + 2)A,. Denote s, := aq(p)l;.
Recall the definitions of n(j, m)} right before Lemma 1 for j = 1,...,4. We define their approximate counterparts as

follows (with m = 1): for a4(p) < i < ag4+1(p), set

~ A

~ Oaq(p)a " ~

n(1, m)? = M/ (W(i+m)An+s - VViAnJrs)dsv
0

n

2 uz In—kn—1
q(P)An 9 o
(2, m); = Vakn 2 Z (2 imtts = 1 2ify4):
=0
2000 In—kn—1
~ aq(p)An —n — —n —
MG m = > Wy €emin s~ Wity i)
Based on the above notation, we further define
7 ~ 2. ~ ~ 8c, @y
UL Df = (1 1) - 3 TapanAns UR2,2) = (72, 1)) - TR Ot () A
~ ~ 16@120 ~ ~ 8@11
UB,3) =03 1)) — ———502 pa, Ane U@A AN =G4, 1)]V — 5——0lAn,
( )1 (77( )1) Cz(lﬁzfl )2 aq(p)An n ( )1 (77( )1) 623(1//2C1)2 e An

ﬁ(.j]st)? =G, DGz, VD, 1 #Jos j1i2=1,....4,

where 7(4, 1)} = n(4, 1)]. For j1,j» = 1,...,4, ﬁ(i],jz)? approximate U(ji,j2)!, which are defined as follows: for
aq(p) <i< aq+1(P),

8¢, @)
2 ) 4
UL DF = (1, D7 = 580 pa, An U, 2 = (2, 107) = (e Ot A
16@120' 8dy;
UGB, 3N =3, 1) = ————50a panAns U4, 4) = (n(4, 1)) — ol An,
( )1 (77( )1 ) CZ(wZC )2 aq(P)An n ( )1 (77( ), ) (wzc] )2 O, Qp

UG, j2)t = nGr, DGz, 1)}, j1 #J2, 1.2 =1,..., 4

Note that inequalities (A.11) and (A.13) of Lemma 1 also hold when 7 is replaced by 7 and K; is replaced by a constant
K; p; and that inequalities (A.12) also hold when 7 is replaced by 7. Then we have the following lemma.

Lemma 2. Suppose that Assumption 2 holds and 61 = 3/4. Then, for any fixed p, we have

[t/An]-2

1 .. ~ . . P ..
ng " (UGLR)Y = UGnLi)) — 0, jij=1,23, (A.31)
i=0

as n — oQ.

Proof. Step 1. We prove the case j; = j, = 1 of (A.31). Note that a*> — b*> = 2b(a — b) + (a — b)?, then it is sufficient to

show
[t/An]-2
1 ~
nd Y (1D = F(L D) AL D > 0, (A32)
][f/An]*Z P
ns (n(1, 1 =91, 1)f)" — 0. (A33)
i=0

By Lemma 1, it is not hard to obtain the result (A.33). Therefore, it is sufficient to show (A.32).
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For ag(p) < i < ag+1(p), we have

(i+DAn+s (i+1) n+5
n(1, 1 =71, 1)} —/ / b duds + —/ f oaq(p)An)quds
An+s iAn+s

kn—1

1
kanAn Z Z gm 1+1)ln+]c Alln+]c)

Jj=In—kn m=j+kn—Iy

kn—1 j

kn«/ln8n>
2(AR c—A" . .O)|+0 (
WanAn ; m; (i+Dlp+j iln+j P ln
kn/1x68
(1, 1) + (1, 2) + (1,3 + (1, 4)} + 0p (—) :
n
where «(1,j)},j =1, ..., 4 are the corresponding terms, respectively. For the argument in (A.32), Lemma 1 implies that
it is sufficient to show that
[t/ An]—2
1 ~ .
nd Y el >0, j=1,2,3.4. (A34)
i=0

For the case j = 1 of (A.34), note that b = (b — bm,,) + b,An Then, it is sufficient to show that

[f/An] 2 Ap p(i+DAn+s
/ / lAndudsn(l 1) — 0, (A.35)
iAp+s
1 [t/An] —2 1 (i+DAn+s _ - P
ey — / / (by — bia, )dudsy(1, 1)} —> 0. (A36)
i=0 4n {Ants

For (A.35), we have

lf/AnJ -2 Ap p(i+DAp+s
/ [ Bsduasin
iApn+s
. 1+1)An+s
=n4 EE;, ( f / bia,dudsn(1, 1)?)
An iAp+s

1
§1<n2x—xA§xAn=Knm§—>o
n

as n goes to infinity. For (A.36), two applications of Holder’s inequality suggest that

!+1)An+s - (i4+2)4n - 2
lln (f / biAn )duds) < 11” (/ / b — biAn |duds)
iAp+s

< KALEMBI(p))*

2

oo\

2

where

{'(p) = sup {Ibs — be| + |os — 0t| + |05 — Gt | + 05 — ¢ [}.
s,telidn,(i+2(p+2))An]

[t/AnJ 2 (i+DAn+s _ -
Z / f (by — bia, )duds7(1, 1)}
iA

nts
[t/An] 2 [t/2An]
An JER (BYP)? x AY? < KA, D\ JER(BI(P)2 —> 0
i=1
as n —> oo, where Lemma 5.4 of Jacod et al. (2009) is used in the last step. Hence, we have proved (A.34) for j = 1.
For j = 2 of (A.34), note that do; = bdt + &,dW,. Thus, it is sufficient to show that

Then,

[f/AnJ -2 1 (i+1)An+s u _ P
— b, drdW,ds(1, 1)* — 0, (A37)
i
i=0 A iAp+s aq(p)An
; [t/An]— (i+1)An+s  pu
ns —/ / / &, dW,dW,dsii(1, 1)" — 0. (A.38)
i—=0 An 0 iAn+s ag(p)An
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For (A.37), the boundedness of b and Hélder’s inequality imply that

Ap (i+1)An+s u _ 2
/ / / b, drdW,ds | <KA2.
iAn+s aq(p)A

Further, by Lemma 1, we have

[t/An]—2 (i+1)An+s  pu _
Z f / / b,drdW,dsj(1, 1)}
An iAn+s ag(p)A

1
§Kn§ X == x A2 XA;/2=KTI§ X Ay — 0
n

oo\'—‘

as n goes to infinity. Hence, we obtain (A.37). For (A.38), note that & = (6 — Oqy(p)a,) + O ay(p)a,- Then, it is sufficient to
show that

[I/An] 2 An p(i+1)Ap+s o p
f / / an(p)A"dWrqudS’ﬁ(], 1)? —> 0, (A39)
i 0 An iAn+s aq(p)An
[t/An]-2 (i+1)An+s  pu
1 _ _ — ~ n P
ns Z / / / (@r — Tay(p)an AW dW,dsT(1, 1)} — 0. (A40)
An iAn+s ag(p)An

We prove (A 39) first. Denote

(i+1)An+s u -
L/ / / 0T, dW,ds.
iAn+s ag(p)An

By the property of 1td integral, we have E] é"N(l 1)! = 0, and hence EZj”n(l 1) 1 (1, 1) =0 for |i; —ip] > 2(p + 2).
Therefore, similarly to (A.35), (A.39) follows from Hoélder’s inequality and Lemma 1 As to (A 40), by Holder’s inequality,

we have
(i4+1)An+s u - 2
/ / f 7~ T AW )= KCE 8P
iAp+s aq(p)A

Then, by method similar to the procedure used to prove (A.36), we obtain (A.40) by Holder’s inequality and applying
Lemma 5.4 in Jacod et al. (2009). Hence, we have proved (A.34) for j = 2.

For cases j = 3 and j = 4 of (A.34), we only prove the latter and the former follows similarly. The boundedness of o
implies that

kn—1 j

le(1, 4); |_anZZ(gm

=1 m=1

_ KB
- knAn

2
O+ Don — b+ )5 < KAuBi(p).

Then, by similar argument to the procedure used to prove (A.36), we obtain (A.34) for j = 4.
Step 2. We prove the case j; = j, = 2 in (A.31). Similar to Step 1, Lemma 1 implies that it is sufficient to show that

][t/An]—Z
nd Y (n2. DF =72 D) 2, 1F > 0. (A41)

i=0

Denote i(j) = ((i + 1), + j)8, and i(j) = (il, + j)8n. For aq(p) < i < ag+1(p), set

In—kn—1

1
2,1 = B(n, ((i + Dy + j)8n)k,s, — B(n, (ily + )8y ,
a2, 1), v ; (B(n, (i + Dl + )81 )knsn — B, (il + )81 knss ]

2 l”_k"_l () +kndn
o(2,2) = / [ bsg(s — 1))dsouga(ut — 1G))AWa,

1;[’2kn i(j)
’<n T riHkndn i}

o(2,3) = %k - / /U) 030 — 02y (S — T1))AW,ga(ut — T1))W,,

and let (2, 4)! and «(2, 5) be the same formulae as (2, 2)! and «(2, 3)} when i(j) is replaced by i(j), respectively. Then,
we have

n2, ) =72, 1) = (2, )] + (2, 2)] + «(2, 3)] — a(2,4)] — «(2,5)].
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For (A.41), it is sufficient to show that

[t/An]-2

ns > @20, j=1.....5 (A42)
i=0

For the case j = 1in (A.42), we have

it (2(2, 1)'7)2

In—kn—1
Z Ef B(, (il + j1)8n D B (il + J2)8n s
1112—0
Kk, In—kn—1 i(j)+kndn  pu 2
< El (/ / 058n(s — i(j))dWsby,g (u—i(i))du) + 0p(8n)
(knAp)? j:ZO o\ Jig) W e "
Kkl
< ﬁ(knw + 0p(8n) < Kn—>/,
n n

Then, Lemma 1 implies that (A.42) holds for j = 1.
Similar to the case where j = 1, we can obtain (A.42) for j =2 and j = 4
For cases j = 3 and j = 5 in (A.42), we only prove the latter, as the former can be proved in a similar manner. Let

200, (p)2 In—kn=1"i(j)-+knsn
a n
(2,6 = ke Ty f / (s — IG))AW:(03 — Oy )t — 1))AW
kanAn i(j) i(j
2 l"_k”_l i(j)+kndn
w27 = / [ 0= s = W0 = G
n

Then, «(2, 5)! = «(2, 6)! + (2, 7)}, and it is sufficient to prove (A.42) for cases j = 6 and j = 7.
We now prove the case of j = 6 in (A.42). Note that under Assumption 2, by Itd’s formula, there exist two locally
bounded cadlag processes b, ¢ such that do; = b,dt + o,dW;; see, for example, Ait-Sahalia and Jacod (2014). Set

In —kn -1
zaﬂq(P)An

(j)+kndn
al2,8) = ——— f / (s — i dW/ b, drgy(u —i(j))dWy,
: 1kanAn & (J (p)An & (J

In— kn -1
204(p)2n

j)+kndn
= &1 ga(s — i(j))dW. / o, dW,g (u —i(j))dw,.
Yakn Ay /0) /: " ’ q(P)An ! ’

Then, a(2, 6)! = «(2, 8)! + (2, 9)}, and it is sufficient to show (A.42) for j = 8 and j = 9. For j = 8, we have

(2, 9)

Ej («(2,8)])

Kkn a (p) ln_kn_l ()+kndn 2
< — / / ga(s — i(j))dWs / b.drg,(u — i(j))dW,
(knAp)? ] i) (0)An

< Kéy.

Hence, Lemma 1 implies that (A.42) holds for j = 8. For j = 9, note that o, = o, agan T (o, — 0o, o(P)An ), and denote

(2, 10)! and «(2, 11)" by the term «(2, 9)/, where fA o,dW, is replaced by fA O gy ()2, AWr and fA (p)An)dVT/r,
respectively. Then, (2, 9)! = «(2, 10)! + (2, 11)}. For the case where j = 10 in (A.42), 51m11ar to the proof ofg A.35), by
Lemma 1 and the following result:

Ej («(2,10)})°

Kkn ln*kn1 i(j)+kndn ~ 2
s DA [ st~ igpa f 0 e W — )W,

n n i(j) (p)An

Kkl
= ﬁ X (kn‘Sn)z(ln(Sn) < Kknn,

n n
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we obtain (A.42) for j = 10. For j = 11 in (A.42), similar to proving (A.36), the desired result is not hard to obtain. Hence,
we have proved (A.42) for j = 6.

For j = 7 in (A.42), similar to the procedure for j = 6, we can show that the argument holds. Hence, we have proved
(A.42) for j = 5, obtained (A.41), and completed the proof of step 2.

Step 3. We prove the case j; =j, = 3 in (A.31). Similar to Step 1, Lemma 1 implies that it is sufficient to show that

[t/An]-2

s > (n(3, 1) = (3, 1)) (3, 1) = o.

i=0

For aq(p) < i < ag+1(p), set

In—kn—1
5N
a3, 1) = 1/fzkA Z (X = Tagtpan Wi JE5 -
kn 1
n W' 1=n
T S

and we have (3, 1)} —7(3, 1)! = (3, 1)} — «(3, 2)!. Then, it is sufficient to show that

[t/An]-2
1
ne Y a(3 )3, 1) L0, j=1,2. (A43)
i=0
As the two cases are similar, we only prove the case where j = 2 in (A.43). Because

2

2 In—kn—1 i(j)+kndn K
Ej | — bugn(u —i(j))due, | < —,
w2 [ vt gy, | <

Lemma 1 implies that it is sufficient to show that (A.43) holds for «(3, 3)! with

2 lh—=kn=1" Li(j)+kndn

3.3 = ; /m (0 — Oy a1t — (NAW,EL,

Then, similar to the proof of (A.42) for j = 6, it is not hard to show that (A.43) holds for j = 3. Hence, we have proved
(A3]) fOl'j] :jz =3.
Step 4. For the case j; # j, in (A.31), similar to the above procedure, it is sufficient to show that

[t/An]-2

ns > (00 DF = G D) T2 DF —> 0. 1 £

i=0

It is not difficult to obtain the above results through the procedure of Steps 1-3. O
We now prove Theorem 1.

Proof of Theorem 1. Note that, from Proposition 2, the consistency of the estimator is obvious. As to the CLT result (12),
it is sufficient to show that

2 t 2 t~ s t
Ut = n‘/3< (v; 61, 1) ——f yszds—gf oszds) L—>/ YdBs, (A.44)
0 0
T [
ns / ds— (A45)
0

as n — oo. The result (A.45) is implied by

t
ni </ 2ds — ) (A.46)

446



Y. Li, G. Liu and Z. Zhang Journal of Econometrics 229 (2022) 422-451

which follows easily from Theorem 3 of Podolskij and Vetter (2009a). Then, it remains to show (A.44). Recalling that
Ap = 1,8,, we have

. [t/An]—2 2 t . [t/An]—2 8¢, Pyn t
U" = ns (n(l,l)“)z—ff &2ds | + ns (n(2, 1)M)? — / olds
t (g 1 3Jo 7 ; l CZI0
[t/An]—2 t [t/An]—2
1 ]6@]20’ 2 1 8@]]0' t
nd (n(3, 1! / ds | + n (n(4, 1) —
( Z Cz(l/fzcl) % ; : (wzCl)z
[t/An] 2
1 . .
+ Z ns Y G, DGz, 1)
Ji#i=1 i=0
; [t/An]—2 8 4 8
ne Do Y nln D7 (2 G Vf + ) nGn, 1
=0 ji1=5 ja=1 j1=5
4
= > UG+ Z UG j2)f +RY . (A47)
j=1 J1#i=1

where U(j1, j2)¢,j1,J2 = 1,2, 3,4, and R’} . are the corresponding terms, respectively. Note that U(jq, j2)f = U(j2,j1);-

Recall the notations right before Lemma 2. U(h,]z)“ is an approximation of U(ji, j2){, where n(j, 1)} is replaced by
7, 1)} Then, we can write

]n(p) bq(p)—1 Jn(p) 9g+1(p)—1 .
UUl,Jz =ns Z Z UOl,]z +ns Z Z U(h,]z + n8R(3j1, j2)7
q=1 i=ag(p) q=1 i=bg(p)

where, for jq,j> = 1,2, 3, 4,
[t/An]—2

2 2 ('
Z (77 (1, 1 g Z ﬂzq(ll)Anz(p +2)An — 5/ (rszds’
i=Jn(p) q=1 0
[t/ An]—-2 n(p) t
~ 8C2 8C2¢22 4
R(2,2) = (m(2, 1)} 2(p+2)A, — olds,
‘ _J;(p llf2C1 Z GaP)dn "2 )y
[t/An]—2 2 Jn(p) 2 t
~ 16(p]20' 16150 2
R(3,3)! = M3, 1) 2(p+2)A, — ——=< olds,
‘ _J;(p Cz N Z Taq(p)an (e Jo °
[t/An]—2 In(p)
~ 8d>11 8P1q o4
R(4,4)! = (n(4, 1)} 2(p+2)A t,
' _J;(p S(aer o Z Cz(lﬂzcl)2 o
[t/An]—2
RGu o)t = > G O, Vs 1 # s Jia=1,...,4.
i=Jn(p)
It is not difficult to show that nSR(_ll,]z) converges to zero in probability as n and p go to mflmty, forji,jp=1,...,4.

Note that the first part of U(h ,j2)t is the dominant term, and that the dominant terms Z p) U(jl,]z) are uncorrelated
for different q. To prove result (A.44), it is sufficient to show that

UG o)t = UG, o) = 0, Jija=1,..., 4, (A48)
In(p) be(p)-1 (4 4 2 t
ngn 3 (ZEU, M4z Y Uil LN / 2ds, (A.49)
i=aq(p) \ j=1 tia=11< 0
]n(p bg(p)—1 4 4 4
n2 Z > (Zﬁu,j)uz > TG || o (A50)
i=aq(p) \ j=1 J1j2=1j1<)2
jn(p bg(p)—1 4 4
n Z S 0Gr+2 Y TG | Ngmyan — Nagpyan) — 0. (A51)
i=aq(p) \ j=1 J12=1j1<)2
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Jn(p) 4g+1(P)—-1

nsZ Z U(}1,12”—>0 Jui2=1,...,4, (A.52)
q=1i=bg(p)
[t/An]-2
1 . . P . .
ne Y gl DGz 1F — 0, ji=5.....8.ja=1....8, (A53)
i=0

as n and p go to infinity, where N is any component of (W, W) or a bounded martingale orthogonal to W and W. Lemma 2
implies (A.48).
Step 1. For (A.49), we can show that, forji,...,js =1,...,4,

Jn(p) bg(p)—1 bg(p)—1 p t
n4ZE" > Ui Y Undelt | 5 [ 2o daias, (A54)
i=aq(p) i=aq(p) 0

as n and p go to infinity, where X(j1, j2,j3.Ja) = X (2, J1,J3,Ja)es 2 (1, J2, 03, Ja) = X (1. J2,Ja, J3), and
192(¢22C2) 8

2(1,1, 1,1 =5t 2(2,2,2,2)? = i3 O
21
7682 19292
$(3.3,3,32 = %a;‘, (4, 4,4, 4 = —— 1108,
2016 201G
16020 4 3201502 .
2(1,2,1,20 = — 226152, £(1,3,1,3% = %0303,
Y5 Y5C162
161104 192P1, P02
$(1,4,1,4F = — 552, $(2.3,2.3¢ = ——5><0,
c5Cq c
2%2 2*1
96P 11 Pyp0t 19201208
D(2.4.24% = D50t B3.43.40 = — o ea,
Qv G 1/’261

2@, o d3eaf =0, (1, J2) # (3, ja)-

After some standard and complicated computations it is not hard to prove that (A.54) holds. By (A.47) and the expression
of yt , we derive 22 Zf AAAAAA =1 (1,2, J3» 14) and obtain (A.49).
Step 2. For (A. 50) using the C; inequality, it is sufficient to show that

OO 4 ,
nz ZE“ UGkl — 0, jui=1,....4, (A55)
i:aq(P)

as n goes to infinity. For the case j; = j, = 1, by Lemma 1, we have
Ef (UG 120" < K(In8n)'.

Hence, we obtain (A.55) for the case j; = j, = 1 because by(p) — aq(p) = 2p is independent of n. For the other cases, we
can similarly use Lemma 1 to obtain the desired results.
Step 3. For (A.51), it is sufficient to show that

]n(P bg(p)—1
P P
ns ZE“ > UG 2 (Nogyan — Negipyan) — 0, jrja=1,..., 4. (A.56)
i=ag(p)
Similar to the procedure used to prove (6.25) in Vetter (2015), it is not hard to obtain (A.56) by Itd’s lemma and the

property of the normal distribution.
Step 4. For (A.52), it is sufficient to show that

Jn(p) ag41(p)-1 2 .
n4ZE” Y UGl | — 0 jnia=1.....4
i=bq(p)

as n and p go to infinity. Similar to Step 1, we obtain the above results as n and p go to infinity.
Step 5. For (A.53), Holder’s inequality suggests that it is sufficient to show that
(t/An]-2
ns Y (G >0, j=5.....8. (A57)
i=0
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For j = 5 in (A.57), Lemma 1 implies that (A.57) holds for j = 5. For j = 6, similar to the proof of the case j = 6 in
(A.21), the condition 6, < 1/4 implies that the result holds. For j = 7, similar to the case j = 7 in (A.21), the condition
6, > 3(1 — 61)/(4(2 — B)) suggests that (A.57) holds for j = 7. By Holder’s inequality, we obtain result (A.57) for j = 8
from the results forj=6andj=7. O

Remark 12. By very similar arguments to that of the proof for Theorem 1, we can show that the following general results
hold under Assumption 2 and & = 0. That is,

(a) if 1/2 < 0y < 4/5 and 0,/(4(2 — B)) < 6, < 1/4, then for any fixed t,

- 2 [t 5 [12 ft
nz (n”l_%V(v; 61, m)} — Cﬁ/ V52d5> = \/:/ s dBs;
170 170

(b) if 61 = 4/5 and 01/(4(2 — B)) < 6, < 1/4, then for any fixed t,

=0 (9,3 2 ', s 3 ‘) 2,
n~z (n*1"2V(v; 01, m) — —2/ Ve ds) —m c1/ b;du + —3/ vs dBs; (A.58)
1 Jo 0 ¢ Jo

(c) if4/5 <6, <1and(1—6,)/(2—B) < 6 < 1/4, then for any fixed t,
2 t [N
n3=3 <n291_%v(v; 61, m)} — —2/ yfds) LN m2c1/ b2du.
170 0

In fact, for the proof of the above results, one only needs to make straightforward adjustments for the following quantities
in the proof of Theorem 1 and hence the related subsequent calculations: J,(p) = [([t/A,] — m — 2)/(2(p + m + 1))],
aq(p) = 2(q — 1)(p + m + 1), bg(p) = aq(p) + 2p (see (A.30)). Note that the terms 7(j, m)} for j = 5,..., 8 are always
negligible in proving the asymptotic theory of V(v; 6;, m)!. In the case of & = 0, for 1/2 < 6; < 4/5, by Lemma 1,
one can easily find that the three terms n(j, m)!,j = 2, 3, 4 have the same magnitude and are the dominant terms; for
4/5 < 6y < 1,n(1, m)} is the dominant term; for 6; = 4/5 the four terms n(j, m)},j = 1, 2, 3, 4 have the same magnitude
and are the dominant terms.

Proof of Theorem 2. The theorem follows straightforwardly from the stable convergence in Theorem 1 and result (15). O

Proof of Proposition 3. The proposition follows straightforwardly from (A.58) and result (A.46). The derivation is quite
similar to the proof of Theorem 1 and hence omitted. O

Proof of Theorem 3. The theorem follows straightforwardly from Proposition 3 and (22). O
Appendix B. Asymptotic property of the test statistic T,, when volatility is rough

In this section, we study the asymptotic property of the test statistic T,, under rough volatility alternatives. We consider
the following rough volatility specification for the efficient log price process

{ dXt :bt dt + Ot th + d_]t,

et (B.1)
dlngt:btdt+0td3[, OStST,

where B! is a fractional Brownian motion with Hurst parameter H, and the integral fot Os dBf should be interpreted as a
pathwise Riemann-Stieltjes integral. We assume that & is a process with paths of finite g-variation with g < 1/(1 — H),

then [Ot odB! is well defined as a pathwise Riemann-Stieltjes integral (see, e.g., Corcuera et al.,, 2006, Liu and Jing, 2018).
When 0 < H < 1/2, the paths of B are rough, yielding rough volatility processes.

Assumption 3. The observed log price process and the latent log price process are given by (2) and (B.1) with0 < H < 1/2,
respectively. The conditions (ii) and (iii) of Assumption 1 hold. The drift processes b and b and the volatility processes o
and & are all adapted, locally bounded, and cadlag. o; > 0 and 5; > 0 for all t > 0. & is a continuous process with paths
of finite g-variation with ¢ < 1/(1 — H).

We have the following theorem.
Theorem 4. Suppose that Assumption 3 holds, 6; > (4H + 1)/(4H + 2) and (1 — 61)H/(2 — B) < 6, < 1/4. Then,
T, =p n50°M and T, - oo,
where a, <p b, means a, /b, = Op(1) and b,/a, = Op(1).
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Proof. By (B.1) and the continuity of &, for t > s, we have

2 2
0y — 0

exp(Ino2)(exp(Ino? — Ino?) — 1) = 02(Ino? — Ino2 + Op((Ino? — Inc?)?))
t t
(732(/ b,du + / gung) + 0p((t = s*)

= 2075,(B;' — BY') + op((t — 5)") + Op((t — 5)) + Op((t — 5)*").

Using this result and recalling (A.14), we have

1 [, 5 1
n(1, m)ln = Xn (G(i+m)An+s - GiAn+s)ds +0Op koA,
2 ~ 1 An H H 1
= ZUiAnUfAn — (B(1+m Ants BiAn+s)dS + Op(An )+0p| — ). (B.2)
An Jo kn An

The result (B.2) plus (A.10), (A.12) and (A.27) leads to the following
~ - ~ 1A o2
Vit1)a, — Via, = ZUiZAnGiAnX / (Bg+1)An+5 — Bl )ds + 0p(A]) + Op(n 62(2=9)y,
nJo

Note that by the self-similarity property of B”, Bf{, ..o, — Bfi,5,, has the same distribution as A{(B\ — Bf.,).
Therefore,

7/ (Bl+m)An+s_ 1An+s)ds AH/ (Bl+m+5 Bﬁs)d

Then by using similar arguments of the proof of Theorem 1 in Corcuera et al. (2006), we obtain that when 6; >
(4H 4+ 1)/(4H +2)and (1 —61)H/(2 — B) < 6, < 1/4,

t
nO1 =020y 9, m)! —>4c1 mn / ol52ds, (B.3)
0

where Vg = E(f0 s — Bl )ds)®. Let dy = A1y, fo 62ds, hence, we have V(v; 8, m)! = (dy + op(1)) x
n(1=00(1=2H)_gimilarly, we have PV(v, m)! = Op(n"/?>~") and BV(v) = 0p(n'/?>7M) for ; = 3/4.
Finally, by (B.3), for H < 1/2, we have

nl/SV(u; 4/5, )= /5 « (dy + 0p(1)) x n(l—‘g)(l—zH) = (dy + 0p(1)) x n%“‘”),
B = n'% x 0p(n"! %)(1—211)) = 0p (,ﬁ(l—m) ’

27 [ 27
= min | /O yids, 9BV(v)/2 | —> =2 ysd
1

C1 0
o,
2
/y52d5—>/ yeds
0 0

which lead to

, ‘ on=1/10 F 35
nt/s3 <V(v, 4/5. 1) = 25—, V52d5> TP g ho01) ‘
T, = =2 x n507 4 0p (”g(FH)) ’

\/?t ’%f(}t ys4ds

=)

completing the proof. O
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