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a b s t r a c t

We establish a feasible central limit theorem with convergence rate n1/8 for the
estimation of the integrated volatility of volatility (VoV) based on noisy high-frequency
data with jumps. This is the first inference theory ever built for VoV estimation under
such a general setup. The central limit theorem is applied to provide interval estimates
of the VoV and conduct hypothesis tests. Furthermore, when one is interested in the null
hypothesis that the VoV is zero, we show that a more powerful test can be established
based on a VoV estimator with a convergence rate n1/5 under the null. Empirical results
on the S&P 500 and individual stocks show strong evidence of non-zero VoV.

© 2021 Published by Elsevier B.V.

1. Introduction

The increasing availability of high frequency data facilitates the understanding of characteristics of price dynamics such
s volatility, jumps, and dependence structure of market microstructure noise. Taking volatility estimation as an example,
n the past few decades, a large body of research has been devoted to answering the question of how to estimate volatilities
ore efficiently with high frequency data. In the case where the observed prices do not involve market microstructure
oise, existing methods include the realized volatility (Andersen and Bollerslev, 1998; Barndorff-Nielsen and Shephard,
002), realized bipower variation (Barndorff-Nielsen and Shephard, 2004), threshold realized volatility (Mancini, 2009),
nd threshold realized bipower volatility (Corsi et al., 2010). In the presence of microstructure noise, estimators include
he two-scale realized volatility (Zhang et al., 2005), realized kernels (Barndorff-Nielsen et al., 2008), the pre-averaging
ethod (Jacod et al., 2009; Podolskij and Vetter, 2009b), the quasi-maximum likelihood estimator (QMLE) (Xiu, 2010), the
stimated-price realized volatility (Li et al., 2016), and the unified volatility estimator (Li et al., 2018). Additionally, Jacod
t al. (2017) study the dependence structure of the market microstructure noise and propose in Jacod et al. (2019) a
olatility estimator that applies directly to tick observations.
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Volatility of volatility is a fundamental quantity that describes the dynamics of volatility processes. However, it is far
ess well-understood. Barndorff-Nielsen and Veraart (2009) propose an estimator of the integrated volatility of volatility
VoV hereafter) under a general nonparametric stochastic volatility model in the absence of microstructure noise. They
irst estimate the spot volatility based on the realized volatility over a local time window with window length shrinking
o zero and then construct an estimator of the VoV which, up to a multiplicative correction, is a realized volatility of
he estimated spot volatilities. Vetter (2015) proposes to correct the bias arising from the error in estimating the spot
olatility, and constructs an estimator that achieves n1/4 rate of convergence in the absence of noise. In the presence of
icrostructure noise, Sanfelici et al. (2015) develop an unbiased estimator of the VoV using Fourier analysis, albeit without
stablishing either the convergence rate or the central limit theorem (CLT). Under the assumption that the microstructure
oise is a known parametric function of the limit order book information, Clinet and Potiron (2020) devise an estimator
f the VoV which goes, in essence, to the noiseless case of Vetter (2015) and enjoys the same asymptotic properties as
n Vetter (2015).

Besides the above early-stage explorations of VoV estimation, there is another strand of literature in understanding the
ynamics of volatilities — various tests about the volatility processes, most of which are on parametric specifications. Aït-
ahalia (1996) develops tests for the spot interest rate model by comparing the density implied by the parametric
pecification against a nonparametric estimate of the density. Tests based on the (transition or marginal) density include
hose studied in Aït-Sahalia et al. (2009), Song (2011), Hong and Li (2005), Corradi and Swanson (2005), and Aït-
ahalia and Park (2012). These tests are based on low frequency observations, hence rely on long-span asymptotics.
nder the high frequency data setting, Corradi and White (1999) adopt the variation method for specification tests of
olatility function. Improved tests are proposed in Dette and von Lieres und Wilkau (2003), Dette et al. (2006), Dette and
odolskij (2008), Chen et al. (2019), and Bull (2017), among others. These articles are built on the assumption that the
rice is not contaminated by market microstructure noise. Vetter and Dette (2012), Papanicolaou and Giesecke (2016),
nd Christensen et al. (2018) extend these tests to the case where observations are contaminated by microstructure noise.
ost of these tests assume under the null hypotheses that the (stochastic) volatility process is a diffusion process that is
f a particular parametric form. Christensen et al. (2018) test the null hypothesis that the volatility process is a constant
ultiplied by a deterministic seasonal component, in which case the VoV is zero.
In this paper, we construct a nonparametric estimator of the VoV based on noisy high frequency data with jumps. We

stablish the convergence rate n1/8 and build a feasible CLT. To the best of our knowledge, this is the first inference result
or VoV under such a general setting.

In estimating the integrated volatility of the price process, several methods have been proposed, as discussed above. We
rovide insightful analogies between the estimation of integrated volatility and the estimation of VoV later in this paper to
acilitate readers’ understanding. However, we emphasize an essential difference between estimating the price process’s
ntegrated volatility and estimating the VoV. The difference lies in the fact that the (spot) volatility is not observable, not
ven in a contaminated form. We will first use the noisy data to build an estimator of the spot volatility and then use
t to construct an estimator of the VoV. In broad terms, with noisy high frequency data observed at frequency n, we use
bservations in consecutive small blocks, each with length of time O(n−1/4) to estimate spot volatilities, which can be
iewed as the true spot volatilities contaminated by noise. A truncation method is used to deal with price jumps. Directly
omputing the realized variance based on these spot volatility estimates leads to an inconsistent estimate of the VoV. We
esolve this inconsistency by correcting for the bias.

One can construct a test statistic based on the feasible CLT established above to test whether the VoV is at a particular
evel. Specifically, the test statistic is the VoV estimator standardized by its asymptotic mean and variance estimator under
he null hypothesis. This test statistic converges (stably) in distribution to a standard normal with a rate of n1/8 under the
ull hypothesis. Under the alternative hypothesis, the test statistic tends toward positive infinity at a rate of n1/8.
Pushing one step further, we show that one could derive a more powerful test when one is interested in testing the

ull hypothesis that the VoV is zero. Under the usual continuous Itô semimartingale setup, if the volatility is truly free of
diffusion component, it will be smoother than the case where the volatility has a diffusion component. Intuitively, this
xtra smoothness facilitates the estimation of the spot volatility process, and consequently, should help detect whether
he VoV is non-zero. We carry out this analysis rigorously and develop an estimator of VoV which, when scaled by n1/5,
onverges (stably) in distribution to an asymptotic bias term plus a mixed normal variable under the null hypothesis.
ased on this convergence result, we construct a new test statistic that diverges at a rate of n1/5 under the alternative
ypothesis while converging to a standard normal with a rate of n1/5 under the null hypothesis.
The rest of this paper is organized as follows. We introduce the main results in three subsections of Section 2. In the

irst subsection, the spot volatility is estimated. In the second, the VoV is estimated, and in the third, the volatility process
s tested to determine whether the VoV is zero. Simulation results are presented in Section 3. An empirical analysis is
rovided in Section 4, and we conclude in Section 5. All proofs and supplementary theoretical results are given in the
ppendices.

. Setup and main results

Suppose that the latent log price process is defined on a filtered probability space (Ω,F, (F)t≥0,P), and is a
ump–diffusion process with stochastic volatility described by another diffusion process:{

dXt =bt dt + σt dWt + dJt ,˜ ˜ 2 (1)

dνt =bt dt + σ̃t dWt , νt = σt , for t ∈ [0, T ],
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here bt and b̃t are drift processes; σt (or interchangeably, ν
1/2
t ) and σ̃t are volatility processes; Wt and W̃t are standard

rownian motions which may be correlated with each other; and Jt is a pure jump process. For any t , σt represents the spot
olatility, and σ̃t represents the spot volatility of volatility. We emphasize that the assumption that the spot volatility is a
iffusion process is widely adopted in the continuous-time volatility literature, see, e.g., Heston (1993), Barndorff-Nielsen
nd Veraart (2009), Aït-Sahalia et al. (2013), Vetter (2015) and Mykland and Zhang (2017).
Observations are contaminated versions of the latent log price process at discrete times:

Yti = Xti + εi, (2)

here ti’s are observation times in a fixed time interval [0, T ], and εi represents the market microstructure noise that is
sed to capture the bid–ask spread, discreteness of price changes etc. In this paper, we only consider the case in which
he observation times are equally spaced, i.e., ti = i/n for i = 0, 1, . . . [nT ], where [x] denotes the integer part of x.

The assumptions about the observed log price process (2) are more specifically summarized as follows:

Assumption 1. The observed log price process and the latent log price process are given by (2) and (1), respectively.
(i) The drift processes b, b̃ and the volatility processes σ , σ̃ are all adapted, locally bounded, and càdlàg. σt > 0 and

σt ≥ 0 for all t ≥ 0. W and W̃ are two standard Brownian motions that may be correlated.
(ii) The jump process J follows

Jt = δ ∗ pt ,

where p is a Poisson random measure on R+ ×E with (E, E) an auxiliary Polish space, and with compensator dt ⊗ q(dz);
and δ is a predictable function onΩ×R+×E. For some 0 < β < 1, |δ(ω, t, z)|β ≤ δn(z) whenever t ≤ τn(ω), where τn is a
equence of stopping times increasing to ∞, and δn(z) is a sequence of deterministic functions satisfying

∫
δn(z)q(dz) < ∞.

(iii) The noise terms εi, i = 0, 1, . . . [nT ] are independently and identically distributed, and are independent of the
atent log price and volatility processes, with mean zero, variance σ 2

ϵ , and finite moments of all orders.

The above assumptions with respect to the nonparametric stochastic volatility model are classical and often used in
nalyzing high frequency data; see, for example, Vetter (2015), Wang and Mykland (2014), Aït-Sahalia and Jacod (2014),
nd Xiu (2010). The assumptions about J suggest that it is a bounded variation process.

.1. Estimating spot volatility

VoV is an important variable in finance. First, it reflects how stable (or volatile) the volatility is. Second, it is an
mportant variable in pricing volatility derivatives; see, for example, Cont and Kokholm (2013). Third, it is a basic variable
or studying other important quantities such as the leverage effect, which refers to the generally negative correlation
etween asset returns and changes in volatility. Similar to the integrated volatility, which gives an overall measure of
ow volatile the price process is, the VoV gives an overall measure of how volatile the volatility process is. One of our
ims is to construct an estimator of the VoV, i.e.,

∫ T
0 σ̃

2
t dt , based on noisy high frequency data with jumps.

The VoV is indeed the quadratic variation of the volatility process, i.e.,
∫ T
0 σ̃

2
s ds = ⟨ν, ν⟩T . Furthermore, the classical

heory using high frequency data shows that methods such as realized volatility and the pre-averaging method can
stimate the VoV if the process ν is observable (without or with noise). However, the spot volatilities νti ’s are not
bservable. A natural path is to first build an estimator ν̂ti for the spot volatility, and then to construct an estimator

⟨̂ν, ν⟩t based on the estimated values ν̂ti . Foster and Nelson (1996) show that the spot volatility could be estimated from
high frequency data using rolling and block sampling filters. Related methods include those of Fan and Wang (2008)
and Liu et al. (2017) in the noiseless high frequency data setting, and the methods of Zu and Boswijk (2014), Mancini
et al. (2015), and Mancino et al. (2017) for noisy high frequency data.

To construct an estimator of the spot volatility based on log prices contaminated by market microstructure noise,
we recall the pre-averaging method, which involves a kernel function and a moving window. Let g(x), x ∈ [0, 1] be the
kernel function and kn be the number of observations in the moving window. The kernel function g is chosen to satisfy
the following properties:⎧⎨⎩

g is continuous, piecewise C1 with a piecewise Lipschitz derivative g ′,

g(0) = g(1) = 0,
∫ 1

0
g(s)2ds > 0.

We define some quantities and functions on R+ associated with the weight function g:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s ∈ [0, 1] ↦→ φ1(s) =

∫ 1

s
g ′(u)g ′(u − s)du, φ2(s) =

∫ 1

s
g(u)g(u − s)du,

s > 1 ↦→ φ1(s) = φ2(s) = 0,

i, j = 1, 2 ⇒ Φij =

∫ 1

φi(s)φj(s)ds, ψi = φi(0).

0
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or any process V , set

V
n
i =

kn−1∑
j=1

gn
j ∆

n
i+jV , gn

j = g(j/kn), ∆n
i V = Vi/n − V(i−1)/n.

Note that V
n
i is a local weighted average of increments of V . In our simulation and empirical studies, we adopt the

triangular kernel g(x) = x ∧ (1 − x) which leads to

V
n
i =

1
2

⎛⎝ 1
k′
n

k′n−1∑
j=0

V n
i+j+k′n

−
1
k′
n

k′n−1∑
j=0

V n
i+j

⎞⎠ ,
for kn = 2k′

n where k′
n is an integer, and

ψ1 = 1, ψ2 =
1
12
, Φ11 =

1
6
, Φ12 =

1
96
, Φ22 =

151
80640

.

owever, throughout the derivation of theoretical results, g is assumed to be a general function that satisfies the
conditions mentioned above.

Jing et al. (2014) propose the threshold pre-averaging estimator of the integrated volatility. Let ln be the number of price
ncrements (with time step 1/n) in a local window that is wider than the pre-averaging moving window (i.e., ln > kn).
he threshold pre-averaging estimator over the time interval [i/n, (i + ln)/n] is given by

IV PA
i,ln =

1
ψ2kn

ln−kn+1∑
j=0

(Y
n
i+j)

21
|Yn

i+j|<un
−

ψ1

2ψ2k2n

ln∑
j=0

(∆n
i+jY )

2, (3)

where un is a threshold value to remove the impact of jumps. They show that IV PA
0,[nt] is a consistent estimator of the

integrated variance
∫ t
0 νsds. A natural estimator for the spot variance νt is then given by

ν̂t =
1

ln/n
IV PA

i,ln , for t ∈ ((i − 1)/n, i/n]. (4)

Note that the observations involved to build ν̂t are within the time interval [i/n, (i + ln)/n].
In the sequel, we set

ln = [c1nθ1 ], un = c2n−θ2 , kn = [c3n1/2
], θ1 ≥ 1/2, θ2 < 1/4, ci > 0, i = 1, 2, 3, (5)

where (ci) are fixed constants. Proposition 1 gives the asymptotics of ν̂t which we derive based on the results on page
296 of Aït-Sahalia and Jacod (2014) where the latent price process is assumed to be continuous. Before presenting our
result, we define two processes Z and Z ′ on an extension (Ω̃, F̃, P̃) of the original probability space (Ω,F,P). Conditional
on F , these processes are independent Gaussian white noise processes with the following conditional variances:

Ẽ(Z2
t |F) = γ 2

t , Ẽ(Z ′2
t |F) = σ̃ 2

t ,

where

γ 2
t =

4
ψ2

2

[
Φ22c3σ 4

t +
2Φ12

c3
σ 2
ϵ σ

2
t +

Φ11

c33
σ 4
ϵ

]
. (6)

ote that
∫ t
0 γ

2
s ds is the asymptotic variance of the pre-averaging estimator (Jacod et al., 2009).

We also need the concept of stable convergence in law. Suppose that a sequence of variables (Yn) is defined on a
robability space (Ω,F,P) with a sub-sigma-field G ⊆ F , and that the limiting variable Y is defined on an extended
robability space (Ω̃, F̃, P̃). We say that Yn converges G-stably in law to Y if, for all bounded G-measurable variables Z
nd all bounded functions g , Eg(Yn)Z → Ẽg(Y )Z . If G = F , we simply say that Yn converges stably in law to Y and write

n
L−s
−→ Y . For more details, see, for example, Jacod and Shiryaev (2003).

roposition 1. Suppose that Assumption 1 holds.

(i) If 1/2 < θ1 < 3/4 and (2θ1 − 1)/(4(2 − β)) < θ2 < 1/4, then for any fixed t

l1/2n n−1/4 (̂νt − νt )
L−s
−→ Zt .

(ii) If θ1 = 3/4 and 1/(8(2 − β)) < θ2 < 1/4, then for any fixed t

l1/2n n−1/4 (̂νt − νt )
L−s
−→ Zt + c1Z ′

t . (7)
425
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(iii) If 3/4 < θ1 < 1 and (1 − θ1)/(2(2 − β)) < θ2 < 1/4, then for any fixed t√
n
ln
(̂νt − νt )

L−s
−→ Z ′

t .

Remark 1. The fastest convergence rate corresponds to the second case when θ1 = 3/4, and the rate is n1/8. The same
rate has been obtained by Munk and Schmidt-Hieber (2010) when volatility processes meet suitable Hölder-smoothness
and uniform boundedness conditions. Notice that Munk and Schmidt-Hieber (2010) derive minimax lower bounds for the
estimation of the instantaneous volatility without establishing central limit theorems. Moreover, under a general setup
which considers both price and volatility jumps, an almost optimal rate n1/8−ι (for any ι > 0) was obtained by Bibinger and
Winkelmann (2018) when volatility consists of both an Itô semimartingale and a component that has Hölder continuous
paths with Hölder exponent less than or equal to 1/2. If σ̃s ≡ 0 and νt is a bounded variation process, then it is not difficult
to prove that for any fixed t

l1/2n n−1/4 (̂νt − νt )
L−s
−→ Zt + c3/21 b̃t/2

when θ1 = 5/6. In particular, the convergence rate is n1/6.

2.2. Estimating the VoV

We now construct an estimator of the VoV. Set Z̃t = Zt + c1Z ′
t , and by the convergence (7), we have

ν̂t = νt + ϵ̃t , where n1/8̃ϵt
L−s
−→

1
√
c1

Z̃t , for t = iln/n, i = 1, . . . , [nT/ln].

In other words, ν̂ can be regarded as the underlying signal process ν contaminated by noise ϵ̃t . Our goal is to estimate
⟨ν, ν⟩t . We therefore arrive at a situation which is reminiscent of the classical one of estimating the integrated volatility
based on noisy data. But νt and ϵ̃t are dependent, making the estimation of VoV challenging and our analysis innovative.
Notice that the inference theory for estimating the VoV in the presence of microstructure noise and price jumps has not
been established in the prior literature. Before presenting our VoV estimator, we shall first investigate the properties of
the realized volatility of the estimated spot volatility process.

For an integer m ≥ 1, define

V (ν; θ1,m)nt =

[t/(ln/n)]−m−1∑
i=0

(̂ν(i+m)ln/n − ν̂iln/n)
2. (8)

Recall (3)–(5) for the definitions of ν̂, ln and the jump truncation threshold un. We have the following proposition.

roposition 2. Suppose that Assumption 1 holds, θ1 = 3/4 and 1/(8(2 − β)) < θ2 < 1/4. Then,

V (ν; θ1,m)nt
P

−→ (m − 1/3)
∫ t

0
σ̃ 2
s ds +

2
c21

∫ t

0
γ 2
s ds. (9)

Remark 2. In the case where prices contain no microstructure noise and jumps, the classical realized volatility theory
states that

∑
[nt]
i=1(Xi/n − X(i−1)/n)2

P
−→

∫ t
0 σ

2
s ds. Comparing this classical limiting result with Proposition 2, one notices

that there are two main differences in their limiting variables. The first difference is that there is a multiplicator m− 1/3
in the term involving the integrated volatility (of volatility). In fact, if ν̂(i+m)ln/n and ν̂iln/n in V (ν; θ1,m)nt are replaced
by
∫ (i+m+1)ln/n
(i+m)ln/n

νsds/(ln/n) and
∫ (i+1)ln/n
iln/n

νsds/(ln/n), respectively, then the multiplicator m − 1/3 still exists in the limiting
variable, whereas the term 2

∫ t
0 γ

2
s ds/c

2
1 disappears. The multiplicator is due to the use of a local average

∫ t+ln/n
t νsds/(ln/n)

to estimate νt . The second difference is the additional term 2
∫ t
0 γ

2
s ds/c

2
1 in Proposition 2 compared with the classical

esult. The term 2
∫ t
0 γ

2
s ds/c

2
1 comes from the error induced by estimating

∫ (i+1)ln/n
iln/n

νsds/(ln/n) via ν̂iln/n.

From Proposition 2, one can construct a consistent estimator for ⟨ν, ν⟩t =
∫ t
0 σ̃

2
s ds provided that the term

∫ t
0 γ

2
s ds can

e estimated. To build a consistent estimator of
∫ t
0 γ

2
s ds, let

V (Y , p)nt = np/4−1
[nt]−kn+1∑

i=0

|Y
n
i |

p
1

|Yn
i |<un

andσ̂ 2
ϵ =

1
2nt

[nt]−1∑
i=0

(∆n
i Y )

2.

y Lemma A.1 of Jing et al. (2014), suppose that max{(p − 2)/(4(p − β)), 0} < θ2 < 1/4, then

V (Y , p)nt
P

−→ µp

∫ t (
c3ψ2σ

2
s +

1
ψ1σ

2
ϵ

) p
2

ds, (10)

0 c3

426



Y. Li, G. Liu and Z. Zhang Journal of Econometrics 229 (2022) 422–451

w
t

R
w
c
t
p
i

R
e
t

(

A

b

T

w

w

R
t
i
n

here µp is the pth order absolute moment of a standard normal random variable. Additionally, σ̂ 2
ϵ

P
−→ σ 2

ϵ . Based on
hese results, we build a consistent estimator of

∫ t
0 γ

2
s ds as

ˆ∫ t

0
γ 2
s ds =

4Φ22

3c3ψ4
2
V (Y , 4)nt +

8
c23

(
Φ12

ψ3
2

−
Φ22ψ1

ψ4
2

)
V (Y , 2)nt σ̂ 2

ϵ

+
4t
c33

(
Φ11

ψ2
2

− 2
Φ12ψ1

ψ3
2

+
Φ22ψ

2
1

ψ4
2

)
(σ̂ 2
ϵ )

2.

Finally, we construct our estimator of ⟨ν, ν⟩t as

⟨̂ν, ν⟩t =
3
2
V (ν; 3/4, 1)nt −

3
c21

ˆ∫ t

0
γ 2
s ds. (11)

emark 3. From the convergence result (9) in Proposition 2, one can see that when m → ∞, V (ν; 3/4,m)nt /(m − 1/3),
hich is guaranteed to be positive, is a consistent estimator of the VoV. The bias correction in (11) is not necessary if m
an be chosen sufficiently large. We keep the theory in its general form by allowing m to take different values because
his has further methodological implications. Nonetheless, because the estimator with m = 1 gives the best finite-sample
erformance in numerical studies, we present the VoV estimator in the form of m = 1 in the main text and implement
t in subsequent simulation and empirical studies.

emark 4. In the presence of (finite activity) volatility jumps, similarly to how we obtain an integrated volatility
stimator (3) robust to price jumps, one could impose a further truncation at the spot volatility level in (8). Specifically on
he summands (i.e., the squared estimated spot volatility changes) to make the VoV estimator robust to volatility jumps.

To establish the CLT of ⟨̂ν, ν⟩t , we must make some additional assumptions. The following assumption is used in Vetter
2015) to build the distribution theory for the estimator of the VoV based on noiseless data.

ssumption 2. Suppose that Assumption 1 holds and that the diffusion process σ̃ has the following form:

dσ̃t = btdt + σ tdW t ,

where b and σ are two adapted, locally bounded and càdlàg processes, and W is a standard Brownian motion that may
e correlated with W and W̃ .

heorem 1. Suppose that Assumption 1 holds and 1/(8(2 − β)) < θ2 < 1/4. Then,

⟨̂ν, ν⟩t
P

−→ ⟨ν, ν⟩t .

Furthermore, suppose that Assumption 2 holds and 3/(16(2 − β)) < θ2 < 1/4. Then, for any fixed t,

n1/8
(
⟨̂ν, ν⟩t − ⟨ν, ν⟩t

)
L−s
−→

∫ t

0
ΣsdBs, (12)

here B is a standard Brownian motion independent of F and

Σ2
t =

9c1
4
σ̃ 4
t +

9
c1
σ̃ 2
t γ

2
t +

27
c31
γ 4
t (13)

ith γ 2
t being defined in (6).

emark 5. Similar to the discussions in Remark 2 of Jacod et al. (2009), we may obtain an asymptotic variance that is close
o the parametric efficiency bound of Gloter and Jacod (2001). However, clear discussions may only be possible when σt
s constant. This means the VoV is equal to zero, which is not an interesting case for this study. For this reason, we do
ot pursue a further theoretical analysis of the optimal choices of the constants c3 and c1. In the empirical studies, we

provide a data-driven procedure to choose the constant c1.

Remark 6. When the latent process X is continuous, Vetter (2015) constructs an estimator for the VoV in the noiseless
case, where the consistency and asymptotic properties of the estimator have been established. In a noisy setting where
the microstructure noise is a known parametric function of trading information, Clinet and Potiron (2020) show that the
same asymptotic properties in Vetter (2015) can be achieved in estimating the VoV. Sanfelici et al. (2015) use the Fourier
method to estimate the VoV for both noisy and noiseless cases. They demonstrate the consistency of the estimator in the
noiseless case and the unbiasedness of the estimator in the noisy case, albeit without establishing either the convergence
rate or the associated CLT. Furthermore, to the best of our knowledge, estimation of VoV has not been studied in the case
where X contains jumps.
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emark 7. In the noiseless case, the VoV estimator of Vetter (2015) achieves a rate of convergence n1/4. In a noisy setting
ithout price jumps, Wang and Mykland (2014) study the estimation of the leverage effect, which is defined as the
ovariation between the volatility process and the latent return process ⟨X, ν⟩t , and develop a consistent estimator with
rate of convergence n1/8. Mathematically, ⟨X, ν⟩t is a third moment quantity, while our target ⟨ν, ν⟩t is a fourth moment

quantity whose estimation is more involved.

The limiting distribution of Theorem 1 is a mixed normal. To obtain a feasible CLT, we need to build a consistent
estimator of the conditional variance

∫ t
0 Σ

2
s ds. For a positive integer m ≥ 1, let

PV (ν,m)nt = n1/4
[nt/ln]−(m+1)∑

i=1

(̂ν(i+m)ln/n − ν̂iln/n)
4,

BV (ν)nt = n1/4
[nt/ln]−3∑

i=1

(̂ν(i+1)ln/n − ν̂iln/n)
2 (̂ν(i+2)ln/n − ν̂(i+1)ln/n)

2.

By the same methods as in the proof of Proposition 2, suppose that Assumption 1 holds, ln = [c1n3/4
] and 1/(8(2−β)) <

2 < 1/4, then we have the following convergence in probability:

PV (ν,m)nt
P

−→
(3m − 1)2c1

3

∫ t

0
σ̃ 4
s ds +

12m − 4
c1

∫ t

0
σ̃ 2
s γ

2
s ds +

12
c31

∫ t

0
γ 4
s ds, (14)

BV (ν)nt
P

−→
c1
2

∫ t

0
σ̃ 4
s ds +

2
c1

∫ t

0
σ̃ 2
s γ

2
s ds +

6
c31

∫ t

0
γ 4
s ds. (15)

hus, we have the following feasible CLT.

heorem 2. Suppose that Assumption 2 holds and 3/(16(2 − β)) < θ2 < 1/4. Then,

n
1
8
⟨̂ν, ν⟩t − ⟨ν, ν⟩t√

Ξ n
t

L−s
−→ N(0, 1), (16)

here

Ξ n
t = 9BV (ν)nt /2. (17)

emark 8. From (14), one can construct another consistent estimator of
∫ t
0 Σ

2
s ds:

7PV (ν, 1)nt −
29
4

PV (ν, 2)nt +
5
2
PV (ν, 3)nt

P
−→

∫ t

0
Σ2

s ds. (18)

ur simulation results show that the performance of (18) is not as good as (17), and sometimes the estimator in (18)
ields negative values. Mykland and Zhang (2017) propose a two-scale method to estimate the asymptotic variance for
broad class of integrated parameters. However, applying their asymptotic variance estimator here may also produce
egative values.

.3. Testing whether a pure drift process gives the volatility process

Our estimation theory established in the previous section can be readily applied to either construct confidence intervals
r build a test against a null hypothesis that the VoV is at a particular level. In this subsection, we show that what we can
btain is beyond a straightforward application of our feasible CLT if one is interested in testing against the null hypothesis
hat VoV is zero. On the one hand, the VoV is zero in popular price models proposed by, e.g., Black and Scholes (1973)
nd Vasicek (1977). On the other hand, in the literature of testing parametric specification of volatility as discussed in
he Introduction section, volatility processes under the null hypotheses except that of Christensen et al. (2018) assume
articular parametric forms with either non-zero diffusion components or zero VoV. The null Christensen et al. (2018) test
s given by a constant multiplied by a (differentiable) deterministic seasonal component; thus, the VoV is zero. Therefore,
n interesting question arises naturally: would drift processes alone be sufficient in modeling volatility processes? In other
ords, the test problem in our context is: does

∫ t
0 σ̃

2
s ds = 0 or not? We solve this problem from the perspective of VoV.

he hypotheses to be tested are formally stated as follows:

H0 : P
({
σ̃ 2
s = 0 for all s ∈ [0, t]

})
= 1 vs. H1 : P

({∫ t

0
σ̃ 2
s ds > 0

})
= 1.

ere, H0 means the volatility is a pure drift process, while H1 means the volatility consists of a non-zero diffusion
omponent under the setup of this paper.
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Under the null hypothesis, Theorem 1 implies that ⟨̂ν, ν⟩t
P

−→ 0 and Σ2
t = 27γ 4

t /c
3
1 . From (10), we can then build a

onsistent estimator of
∫ t
0 γ

4
s ds:

ˆ∫ t

0
γ 4
s ds

:=
16
ψ4

2

[
Φ2

22

105c23ψ
4
2
V (Y , 8)nt +

4
15c33

(
−
Φ2

22ψ1

ψ4
2

+
Φ11Φ12

ψ3
2

)
V (Y , 6)nt σ̂ 2

ϵ

+
2
c43

(
Φ2

22ψ
2
1

ψ4
2

− 2
Φ11Φ22ψ1

ψ3
2

+
1
3
2Φ2

12 +Φ11Φ22

ψ2
2

)
V (Y , 4)nt (σ̂ 2

ϵ )
2

+
4
c53

(
−
Φ2

22ψ
3
1

ψ4
2

+ 3
Φ11Φ22ψ

2
1

ψ3
2

−
(2Φ2

12 +Φ11Φ22)ψ1

ψ2
2

+
Φ11Φ12

ψ2

)
V (Y , 2)nt (σ̂ 2

ϵ )
3

+
(σ̂ 2
ϵ )

4t
c63

(
Φ2

22ψ
4
1

ψ4
2

− 4
Φ11Φ22ψ

3
1

ψ3
2

+ 2
(2Φ2

12 +Φ11Φ22)ψ2
1

ψ2
2

− 4
Φ11Φ12ψ1

ψ2
+Φ2

11

)]
. (19)

he consistency of (19) holds under both the null and alternative hypotheses. Then, based on Theorem 1, we obtain a
reliminary test statistic

T̆n := n
1
8

⟨̂ν, ν⟩t√
27 ˆ∫ t

0 γ
4
s ds/c

3
1

(20)

nd have that T̆n
L

−→ N(0, 1) under the null hypothesis that the volatility process is a bounded variation process and
ν, ν⟩t = 0. Theorem 1 also implies that the above test statistic goes to +∞ at the rate of n1/8 under the alternative
ypothesis.
Can the test be improved in terms of convergence rate? An important observation is that, under the null hypothesis, the

iffusion term in the volatility process disappears and the spot volatility becomes a bounded variation process. Intuitively,
f the volatility is indeed a bounded variation process, then it will be smoother than the usual setting when the volatility
s an Itô diffusion process. This extra smoothness should facilitate the estimation of the spot volatility process. We next
ake this intuition rigorous. To this end, we introduce the following notation

⟨̂ν, ν⟩
(θ1)
t :=

3
2

(
V (ν; θ1, 1)nt −

2n
3
2 −2θ1

c21

ˆ∫ t

0
γ 2
s ds

)
. (21)

s can be seen from the convergence result (A.28) in Appendix A, ⟨̂ν, ν⟩
(θ1)
t is a consistent estimator of

∫ t
0 σ̃

2
s ds as long as

he conditions that 1/2 < θ1 < 1 and (1 − θ1)/(4 − 2β) < θ2 < 1/4 hold. Obviously, when θ1 = 3/4, ⟨̂ν, ν⟩
(3/4)
t reduces

to our proposed VoV estimator ⟨̂ν, ν⟩t . Moreover, from the discussion of Remark 12 in Appendix A, it is easily seen that,
when

∫ t
0 σ̃

2
s ds = 0, the highest convergence rate in estimating the VoV (which is zero in this case) is achieved by ⟨̂ν, ν⟩

(θ1)
t

with θ1 = 4/5, whose limiting results are summarized into the following proposition.

Proposition 3. Suppose that Assumption 1 holds, σ̃ ≡ 0, and 1/(5(2 − β)) < θ2 < 1/4. Then, for any fixed t > 0,

n
1
5 ⟨̂ν, ν⟩

(4/5)
t

L−s
−→

3c1
2

∫ t

0
b̃2s ds +

√
27
c31

∫ t

0
γ 2
s dBs,

here ⟨̂ν, ν⟩
(4/5)
t is given by (21) with θ1 = 4/5.

Based on Proposition 3, we define the following infeasible test statistic

T̃n =:
n1/5

⟨̂ν, ν⟩
(4/5)
t −

3c1
2

∫ t
0 b̃2s ds√

27
c31

∫ t
0 γ

4
s ds

(22)
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nd have that T̃n
L

−→ N(0, 1) under the null hypothesis. Under the alternative hypothesis that
∫ t
0 σ̃

2
s ds > 0, the

onvergence (A.28) in Appendix A implies that

T̃n =

⎛⎜⎜⎝
∫ t
0 σ̃

2
s ds√

27
c31

∫ t
0 γ

4
s ds

+ oP (1)

⎞⎟⎟⎠× n1/5
+ OP (1),

hich diverges at the rate of n1/5. This rate is faster than the n1/8 of the preliminary test statistic T̆n in (20). To make
ñ feasible, we need to consistently estimate the term 27/c31

∫ t
0 γ

4
s ds in the denominator and the term 3c1

∫ t
0 b̃2s ds/2 in

he numerator. We treat them one by one as follows.
First, we have seen that ˆ∫ t

0 γ
4
s ds defined in (19) consistently estimates

∫ t
0 γ

4
s ds under both the null and alternative

ypotheses. In fact, under the null hypothesis, by (15), 9BV (ν)nt /2 (with θ1 = 3/4) is a consistent estimator of
7
∫ t
0 γ

4
s ds/c

3
1 , whereas it converges to a limit greater than 27

∫ t
0 γ

4
s ds/c

3
1 under the alternative hypothesis. Therefore,

Υ̂t := min

{
27
c31

ˆ∫ t

0
γ 4
s ds,

9
2
BV (ν)nt

}
(23)

with θ1 = 3/4 consistently estimates 27/c31
∫ t
0 γ

4
s ds under both the null and alternative hypotheses. Our unreported

simulation results show that, in finite samples, the test based on (23) outperforms that based solely on 27/c31
ˆ∫ t
0 γ

4
s ds in

erms of powers while the two tests have comparable sizes.
Second, under the null hypothesis, we can construct a (nonnegative) consistent estimator of

∫ t
0 b̃2s ds as

B̂t :=

ˆ∫ t

0
b̃2s ds × 1 ˆ∫ t

0 b̃2s ds≥0
, (24)

here
∫̂ t
0 b̃2s ds is defined as follows

ˆ∫ t

0
b̃2s ds :=

n1/6

3c1

(
V (ν; 5/6, 2)nt − V (ν; 5/6, 1)nt

)
,

hich, from result (A.29) in Appendix A, is a consistent estimator of
∫ t
0 b̃2s ds, provided that σ̃ ≡ 0. We adopt B̂t because

t̂
0 b̃2s ds may produce negative values in finite samples. Under the alternative hypothesis, the convergence result (A.28) in
ppendix A implies that

V (ν; 5/6, 2)nt − V (ν; 5/6, 1)nt
P

−→

∫ t

0
σ̃ 2
s ds

nd hence
∫̂ t
0 b̃2s ds and B̂t are of order OP (n1/6).

We have thus obtained the following feasible test statistic:

Tn :=
n1/5

⟨̂ν, ν⟩
(4/5)
t −

3c1
2 B̂t√

Υ̂t

. (25)

he asymptotic property of Tn under the null hypothesis follows easily from that of T̃n. We now briefly explain the
asymptotic behavior of Tn under the alternative hypothesis as this may not be directly clear. First, because

⟨̂ν, ν⟩
(4/5)
t

P
−→

∫ t

0
σ̃ 2
s ds

as indicated by the discussion immediately following (21), we have

n1/5
⟨̂ν, ν⟩

(4/5)
t =

(∫ t

0
σ̃ 2
s ds + oP (1)

)
× n1/5

under the alternative hypothesis. Second, the discussion following (24) shows that B̂t = OP (n1/6) under the alternative
ypothesis. Third, the discussion immediately following (23) shows that, under both the null and alternative hypotheses,
430



Y. Li, G. Liu and Z. Zhang Journal of Econometrics 229 (2022) 422–451

(

s

f
Ξ

Υ̂t )1/2
P

−→ (27/c31
∫ t
0 γ

4
s ds)

1/2. Therefore,

Tn =

⎛⎜⎜⎝
∫ t
0 σ̃

2
s ds√

27
c31

∫ t
0 γ

4
s ds

+ oP (1)

⎞⎟⎟⎠× n1/5
+ OP (n1/6)

howing that the divergence rate of the feasible test statistic Tn remains the same as that of the infeasible statistic T̃n
under the alternative hypothesis.

Since Tn diverges at a rate n1/5 which is faster than that of T̆n under the alternative hypothesis, we expect that the
test Tn should be more powerful than the preliminary test T̆n when the sample size n is sufficiently large. Let α be the
significance level and z1−α the 1 − α quantile of the standard normal distribution. The asymptotics of the above feasible
test are summarized into the following theorem:

Theorem 3. Suppose that Assumption 1 holds and 1/(6(2 − β)) < θ2 < 1/4. Under the null hypothesis where σ̃ ≡ 0. Then,
we have

Tn
L

−→ N(0, 1)

and hence limn→∞ P(Tn > z1−α|H0) = α. Under the alternative hypothesis where
∫ t
0 σ̃

2
s ds > 0. Then, we have

Tn ≍P n1/5, Tn
P

−→ ∞,

where an ≍P bn means an/bn = OP (1) and bn/an = OP (1), and hence limn→∞ P(Tn > z1−α|H1) = 1.

Remark 9. As can be seen from the proof of Theorem 3, the convergence in fact holds for a wider range of θ2,
i.e., 1/(8(2 − β)) < θ2 < 1/4, under the alternative hypothesis.

2.4. Choices of tuning parameters

We elaborate on the choices of tuning parameters involved in our estimation and testing methods. We first consider the
tuning parameter c3 that appears in the expression for γ 2

t , which is used for estimating the asymptotic variance
∫ t
0 Σ

2
s ds

defined in (13). Recall expression (6) for γ 2
t . Note that σϵ is usually small compared with the spot volatility σ and Φ22c3σ 4

t
is the dominant term, hence large values of c3 usually lead to large γ 2

t . Additionally, as can be seen from the expression of
the asymptotic variance (13), large values of γ 2

t lead to large
∫ t
0 Σ

2
s ds. Therefore, a moderate value of c3 should be used.

We adopt a value of c3 = 0.1,2 which corresponds to kn = 242 (≈ 4 minutes) in the case of the second-by-second data
used in our numerical studies. This amounts to using a 4-minute window to mitigate the impact of microstructure noise
by pre-averaging. For the choices of c2 and θ2, which appear in the threshold un = c2n−θ2 (see (5)) for truncating price
jumps, we recall the condition θ2 < 1/4 of Theorems 2 and 3 and, following Aït-Sahalia et al. (2013), set

un = c2
√
σ̂ 2n−1/4

with c2 = 4, where σ̂ 2 is an estimate of the spot variance and we adopt the realized volatility computed using returns that
are sampled every 5-minute and spanned one year. As to c1 that controls the size of blocks over which spot volatilities
are estimated, we set c1 = 0.4 in simulation studies and choose it adaptively in empirical studies based on a standard
error criterion as follows3:

Data-driven choice of c1. Start estimating the VoV with an initial value c1,0 for c1, and record the associated standard
error. Increase c1 by a step size c1,ss, repeat this estimation process and record the resulting standard error. Stop when
the absolute value of the marginal decrease in the standard error (in percentage terms with respect to the baseline
case when c1 = c1,0) drops below a threshold c1,thd. Take the last value of c1 as the final output.

We adopt a fixed c1 = 0.4 in simulation studies because simulations serve the purpose of verifying our theoretical results,
where the parameters involved are supposed to be fixed constants. We do not pursue a formal theory of setting tuning
parameter values adaptively, as this substantially complicates the theoretical derivations and is of independent interest.
We leave this for future research. Nonetheless, our unreported simulation results show that methods based on setting
c1 adaptively offer very similar performance (in terms of the finite-sample bias and root mean square error (RMSE) for
estimation, and size and power for the test) to those which use a fixed value of c1 = 0.4.

2 As discussed in Remark 5, in general, it is difficult to find an optimal choice of c3 . Simulation and empirical results are quite robust to values
of c3 ∈ [0.1, 0.2].
3 We implement the data-driven procedure in our empirical study with (c1,0, c1,ss, c1,thd) = (0.2, 0.1, 5%). The (unreported) numerical results are

airly robust to different choices of these quantities. Based on the feasible CLT Theorem 2, the standard error is computed as n−1/8(Ξ n
t )

1/2 , where
n is given by (17).
t
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Table 1
Sample bias and RMSE of the volatility of volatility estimates produced by ⟨̂ν, ν⟩1 as
defined in (11) under the Heston model with jumps (26) based on 1000 replications.
Sampling intervals 10 s 5 s 2 s 1 s

Bias −0.0115 −0.0066 −0.0062 −0.0042
RMSE 0.0317 0.0272 0.0241 0.0224

Notes: The target value ⟨ν, ν⟩1 in the simulation is approximately 0.1.

. Simulation study

In this section, we conduct simulation studies to investigate the performance of our estimation and testing methods.
he results show that our approaches perform well in finite samples.

.1. Simulation design

We consider two data generating processes with Poisson jumps for the latent log prices, namely, the Heston stochastic
olatility model and a mixed model where the instantaneous volatility process is given by a linear combination of a
eterministic component and the square root (volatility) process of Heston model.

he Heston model
The Heston model with Poisson jumps is defined as follows:{

dXt = (µ(1)
− νt/2)dt + ν

1/2
t dWt + dJt ,

dνt = κ (1)(α(1)
− νt )dt + ξν

1/2
t dW̃t ,

(26)

here Jt =
∑Nt

i=1 zi, (zi) are i.i.d. normal with mean zero and variance σ 2
J , Nt is a Poisson process with intensity λ, and

⟨W , W̃ ⟩t = ρ dt . Taking Aït-Sahalia et al. (2013) as reference, the parameter values are set as µ(1)
= 0.05, κ (1)

=

10, α(1)
= 0.1, ρ = −0.5, σJ = 0.015, λ = 2, and X0 = log(40). Without further mentioning, we shall always

assume ξ = 1, whereas in problems related to testing, we consider various values of ξ covering the null and alternative
hypotheses. Note that the Feller condition 2κ (1)α(1) > ξ 2 holds for ξ < 21/2 under the above setting of parameter values,
ensuring that the spot variance process νt is almost surely positive. The initial value ν0 of νt is randomly sampled from
its stationary invariant distribution.

The mixed model
The mixed model with Poisson jumps has the following specification:⎧⎪⎪⎪⎨⎪⎪⎪⎩

dXt = ϑ(µ(2)
− Xt )dt + σtdWt + dJt ,

σ 2
t = (1 − ζ )σ 2

0,t + ζνt ,

σ0,t = υ(1 + 0.1 cos(2π t)),

dνt = κ (1)(α(1)
− νt )dt + ξν

1/2
t dW̃t ,

(27)

where Jt =
∑Nt

i=1 zi, (zi) are i.i.d. normal with mean zero and variance σ 2
J , Nt is a Poisson process with intensity λ, the

volatility process σ 2
t consists of two components, while σ0,t has a ‘‘U’’ shape, νt is exactly the same as in the Heston

model (26). The correlation between the two Brownian motions that drive νt and the price process Xt is also set as −0.5.
The parameter values for νt are the same as those in the Heston model. Other model parameters are set as follows:
ϑ = 0.5, µ(2)

= 4, υ = 0.3, σJ = 0.015, λ = 2, and X0 = log(40). We allow ζ ∈ [0, 1] to cover the null and alternative
hypotheses.

The noise process ϵi is taken to be i.i.d. normal with mean zero and variance σ 2
ϵ = 0.00012. The terminal time point

is chosen to be T = 1 year. And the sampling interval is set as one second, meaning that we have n = 252 × 6.5 × 3600
observations per sample-path. The number of Monte Carlo trials is 1000.

3.2. Estimation results

Table 1 reports the performance of the estimator ⟨̂ν, ν⟩1 under the Heston model with jumps. As expected, the results
show that the RMSE decreases as the sampling interval becomes smaller. In particular, the estimator performs well at
one-second frequency. In practice, one may use observations at higher frequencies to achieve better accuracy.

Table 2 reports the performance of the estimators ⟨̂ν, ν⟩1 (defined in (11)) and ⟨̂ν, ν⟩
(4/5)
1 (defined in (21) with θ1 = 4/5)

under the Heston model (26) with ξ = 0 and the mixed model (27) with ζ = 0. Note that the true VoV’s for the two
models are zero. While the first estimator ⟨̂ν, ν⟩1 has a convergence rate of n1/8, the second estimator ⟨̂ν, ν⟩

(4/5)
1 converges

at a rate of n1/5.
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Table 2
Sample mean and RMSE of the estimates produced by ⟨̂ν, ν⟩1 (defined in (11)) and ⟨̂ν, ν⟩

(4/5)
1 (defined in (21) with

θ1 = 4/5) under the Heston model (26) with ξ = 0 and the mixed model (27) with ζ = 0 based on 1000 replications.
Heston model (ξ = 0) Mixed model (27) (ζ = 0)

Sampling intervals 10 s 5 s 2 s 1 s 10 s 5 s 2 s 1 s

⟨̂ν, ν⟩1 mean 0.0000 −0.0001 0.0002 0.0003 0.0010 0.0008 0.0003 0.0004
RMSE 0.0041 0.0037 0.0034 0.0032 0.0044 0.0040 0.0034 0.0031

⟨̂ν, ν⟩
(4/5)
1 mean −0.0001 −0.0002 0.0000 0.0000 0.0002 0.0002 0.0001 0.0001

RMSE 0.0015 0.0013 0.0011 0.0010 0.0015 0.0013 0.0010 0.0009

Table 3
Rejection percentages (sizes) of the test using Tn (defined in (25)) based on 1000 replications when data are generated
from the Heston model (26) with ξ = 0 and the mixed model (27) with ζ = 0.

Heston model (ξ = 0) Mixed model (27) (ζ = 0)

Sampling intervals 10 s 5 s 2 s 1 s 10 s 5 s 2 s 1 s

10% 10.4% 8.2% 10.2% 10.1% 9.6% 9.8% 8.9% 10.3%
Nominal 5% 6.2% 5.4% 6.5% 5.8% 5.1% 6.8% 5.6% 5.6%
levels 2.5% 4.1% 3.5% 3.8% 3.1% 3.3% 4.0% 3.6% 3.7%

1% 2.2% 2.0% 2.2% 1.8% 2.6% 2.3% 2.0% 1.9%

Notes: The sizes at all significance levels (10%, 5%, 2.5%, 1%) are close to the nominal values.

Table 4
Powers of the test using Tn (defined in (25)) based on 1000 replications when data are generated from the Heston
model (26) and the mixed model (27) for different values of ξ and ζ .

Heston model Mixed model (27)

ξ ζ

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

10 s 44.0% 97.4% 99.8% 100% 41.2% 97.4% 99.9% 100%
Sampling 5 s 47.1% 99.0% 99.9% 100% 49.6% 98.7% 100% 100%
intervals 2 s 62.4% 99.9% 100% 100% 64.7% 99.7% 100% 100%

1 s 65.1% 99.9% 100% 100% 69.5% 99.8% 100% 100%

Notes: The significance level of the test is 5%. Rejection rates of different scenarios are reported.

We have the following observations from Table 2:

• As the sample size n increases, the RMSE of both ⟨̂ν, ν⟩ and ⟨̂ν, ν⟩
(4/5)

decreases.
• The RMSE of the estimator ⟨̂ν, ν⟩ is greater than that of the estimator ⟨̂ν, ν⟩

(4/5)
, confirming the faster rate of

convergence of ⟨̂ν, ν⟩
(4/5)

. This suggests that a test statistic based on the latter estimator should be more powerful
than that based on the former estimator.

.3. Test results

We now investigate the performance of the test statistic Tn defined in (25). We first examine the finite-sample size
roperty of the test statistic Tn under the Heston model (26) with ξ = 0 and the mixed model (27) with ζ = 0.
able 3 reports the sizes (rejection percentages) for various significance levels. The sizes at all significance levels
10%, 5%, 2.5%, 1%) are close to the nominal values.

We next investigate the power of the above test statistic under both the Heston model and mixed model (27) for
arious positive values of ξ and ζ . The larger the value of ξ (resp. ζ ), the larger the true volatility of volatility ξ 2

∫ 1
0 νsds

resp. ζ 2
∫ 1
0 νsds). Table 4 demonstrates the power of the test (at 5% significance level) based on Tn under both the Heston

odel and mixed model (27) for various values of ξ and ζ .
We observe from Table 4 the following (under the Heston model (26) and mixed model (27) with the parameter setting

pecified above):

• With value of ξ = 0.2 (or ζ = 0.2), which corresponds to the case when the expectation of the true VoV is
0.22

× 0.1 = 0.004, it is challenging to separate this case from the null hypothesis. The empirical powers are also
reasonably high and increase as the sampling interval shrinks.

• As ξ (or ζ ) increases to 0.4, which corresponds to the case when the expectation of the true VoV is 0.42
×0.1 = 0.016,

the empirical powers are high and close to one when the sampling interval is small.
• Values of ξ ≥ 0.6 (or ζ ≥ 0.6) correspond to cases in which the expectation of the true VoV is 0.036 or larger. The

powers are all equal to one when the sampling interval is small.

To summarize, the test T is powerful when the data generating process deviates from the null hypothesis.
n
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Table 5
Powers of the test using Tn (defined in (25)) based on 1000 replications when data are generated from
the (rough) stochastic volatility model (28) with different values of Hurst parameter H .
H 0.5 0.4 0.3 0.2 0.1

10 s 59.2% 89.7% 98.5% 99.9% 100%
Sampling 5 s 65.5% 95.3% 99.8% 100% 100%
intervals 2 s 81.3% 98.5% 100% 100% 100%

1 s 84.0% 98.5% 100% 100% 100%

Notes: The significance level of the test is 5%. Rejection rates of different scenarios are reported.

.4. Discussion on alternatives beyond diffusions

We document at the beginning of Section 2 that the Itô semimartingale assumption for the volatility process is widely
dopted in the literature and we make this assumption throughout the paper. However, given the recent discussions on
ough volatility (see, for example, Gatheral et al., 2018), we devote this subsection for such potential alternatives beyond
iffusions.
Gatheral et al. (2018) document an interesting finding in their empirical studies that the volatility process may be better

escribed by a process driven by fractional Brownian motion with the rough path. Hence, one might prefer to embed H1
n a more extensive alternative, for instance, a diffusion process or a process driven by a fractional Brownian motion with
urst index less than 1/2 (i.e., rough volatility whose quadratic variation does not exist). In this case, the VoV needs to
e defined differently according to the Hurst index. However, to the best of our knowledge, an asymptotic theory is not
vailable to estimate the Hurst index under the stochastic volatility framework. To formally test the roughness of volatility
rocesses requires an accurate estimation of the Hurst parameter and the corresponding CLT, which is nontrivial. We do
ot pursue a formal establishment of testing theory about volatility roughness and choose to stay within the popular
tô semimartingale setup to avoid diluting this paper’s focus, which is the estimation of VoV and tests based on VoV.
onetheless, in this subsection, we investigate our test’s performance under such a more extensive alternative set, which
ncludes rough volatility, through simulations. Moreover, we also derive the asymptotic behavior of our test statistic under
general rough volatility framework in Appendix B.
A jump–diffusion type stochastic volatility price model where the underlying volatility process is driven by the (rough)

ractional Brownian motion can be specified as follows⎧⎪⎨⎪⎩
dXt = (µ(1)

− νt/2)dt + ν
1/2
t dWt + dJt ,

ν
1/2
t = exp(σ νt ),

dσ νt = κ (2)(α(2)
− σ νt )dt + σHdBH

t ,

(28)

where µ(1) and the jump process Jt are set the same as in (26), BH
t is a fractional Brownian motion with Hurst parameter

H ∈ (0, 1) and is independent of Wt . When H = 1/2, BH
t is the classical Brownian motion; when 0 < H < 1/2, the

path of BH
t is rough and has short memory; when 1/2 < H < 1, BH

t has long memory. Gatheral et al. (2018) find
that the volatility of the analyzed data can be described by processes driven by the fractional Brownian motion with
0 < H < 1/2. Taking Gatheral et al. (2018) as reference, the parameter values in this simulation study are set as
κ (2)

= 5 × 10−4, α(2)
= ln(0.1)/2, σH = 0.4, σ ν0 = α(2). When H = 1/2, the instantaneous variance ν at the long-run

mean α(2) of σ νt is 0.1 which is comparable with that of the Heston model (26). Again, the noise process ϵi is taken to
be i.i.d. normal with mean zero and variance σ 2

ϵ = 0.00012. The terminal time point is chosen to be T = 1 year. And
the sampling interval is set as one second, yielding n = 252 × 6.5 × 3600 observations per sample-path. The number of
Monte Carlo trials is 1000.

From the results in Table 5, one can see that the test’s power is high under such rough volatility alternatives. However,
our test cannot help infer further the roughness of volatility. To distinguish between rough volatility (i.e., driven by a
fractional Brownian motion) and non-rough volatility (i.e., driven by a Brownian motion) under the fractional Brownian
motion framework, one has to devise a sophisticated testing method that is built on the accurate estimation of Hurst
parameter. We leave this for future research.

Remark 10. In addition to this simulation study regarding the power of Tn under rough volatility alternatives, we formally
derive its theoretical asymptotic property in Appendix B (see Theorem 4 in Appendix B) under a rough volatility framework
that is more general than (28), where we show that Tn diverges at a rate n2(1−H)/5 given that 0 < H < 1/2 and other
regularity conditions.

4. Empirical analysis

In this section, we apply the proposed estimator and tests to the high frequency transaction data of SPDR S&P 500

(NYSE Arca: SPY), which is the ETF that tracks the S&P 500 stock market index. With the exception of c1, we use the same
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Table 6
Estimation results based on second-by-second trade price data of SPY during 2004–2013.
Year VoV VoV S.E. VoV/IV Year VoV VoV S.E. VoV/IV

2004 0.0017 4e−04 0.1417 2009 0.0201 0.0089 0.3608
2005 0.0011 3e−04 0.1111 2010 0.0179 0.0074 0.716
2006 0.0012 2e−04 0.1290 2011 0.0794 0.0506 2.3422
2007 0.011 0.0025 0.0570 2012 0.0011 3e−04 0.0894
2008 0.9816 0.3745 8.2975 2013 0.0028 8e−04 0.3077

Notes: ‘‘VoV’’ denotes volatility of volatility estimates produced by ⟨̂ν, ν⟩1 (defined in (11)), ‘‘VoV
S.E.’’ denotes their standard errors computed based on (16) and (17), and ‘‘IV’’ denotes the (yearly)
pre-averaging integrated volatility estimates produced by IV PA

0,n defined in (3).

Table 7
Realizations of Tn (defined in (25)) and the associated p-values based on second-by-second transaction
data of SPY during 2004–2013.
Year Tn p-value of Tn Year Tn p-value of Tn
2004 7.5437 0 2009 3.4830 0.0002
2005 1.9517 0.0250 2010 4.3108 0
2006 13.2027 0 2011 9.9531 0
2007 7.4298 0 2012 4.5848 0
2008 12.6177 0 2013 5.7119 0

tuning parameter values as in the simulation studies, i.e., c3 = 0.1 and un = 4(σ̂ 2)1/2n−1/4, for estimation and tests. As
iscussed in Section 2.4, in empirical analyses, we shall choose c1 adaptively to control the window length for estimating
pot volatilities based on a standard error criterion. Moreover, the value of c1 selected by the data-driven method for the
stimation is also adopted for the tests.

.1. Data

We obtained high frequency data from the NYSE TAQ database. The data set under study spans ten years from
an 2, 2004, to Dec 31, 2013, covering the 2008 subprime mortgage crisis. We construct the second-by-second price time
eries by taking the closing price in each one-second interval. The conventional previous-tick method of Zhang (2011) was
dopted to deal with those time stamps without price observations. Furthermore, we apply the price validation procedure
f Zhou (1996) to remove price bounce-backs. We only consider data during trading hours (from 09:30 to 16:00). Because
f the relatively low convergence rate in estimating the VoV, we apply our methods to yearly second-by-second price data.
n constructing second-by-second price series that span one year, we remove the overnight returns.

.2. Estimation results

In this subsection, we apply our estimator to the high frequency data of SPY. Table 6 presents annual estimation
esults from 2004 to 2013. For each year, we report the estimated VoV and its associated standard error. From Table 6,
t is clear that the VoV estimate peaks in 2008, the year in which the subprime mortgage crisis occurred. Moreover, the
oV estimates for SPY in 2004–2006 and 2012–2013 have magnitudes that are very close to zero (ranging from 0.0011
o 0.0028). However, the ratio of VoV estimate to yearly integrated volatility estimate ranges from 8.94% to 30.77% in
hese years. Hence, it is natural to ask whether the instantaneous volatility processes could be described by Itô processes
ithout diffusion components during these years. Additionally, are the VoV’s of the volatility processes during other years
statistically) significantly larger than zero? We shall answer these questions formally in the next subsection.

.3. Test results

In this subsection, we formally test the null hypothesis that the SPY volatility process can be modeled by a pure drift
rocess.
We report realizations of Tn statistic (defined in (25) with n1/5 rate of convergence) and the associated p-values in

able 7. Based on the results, at 5% significance level, the test rejects the null hypothesis for all the ten years under study.
herefore, the conclusion is that pure drift processes are not sufficient for modeling the SPY’s volatility processes during
hese years.

An interesting observation is about year 2011. Notice that based on Table 6, the 95% confidence interval of VoV contains
ero. Not surprisingly, the test T̆n (defined in (20), with n1/8 rate of convergence) fails to reject the null hypothesis
unreported). We do obtain a different result with the more powerful test T .
n
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.4. Discussion

We find in empirical analysis that VoV estimates are highly time-varying from year to year and that small (large) VoV
stimates are associated with small (large) standard errors. This draws caution in interpreting the point estimates. For
nstance, ‘‘small’’ VoV estimates do not necessarily imply that pure drift processes are sufficient in modeling volatility
rocesses. The VoV estimates are relatively small for SPY in 2004–2006 and 2012–2013; however, our test (strongly)
ejects the zero-VoV null hypothesis.

Additional empirical results (unreported) based on individual stocks such as Johnson & Johnson (NYSE: JNJ), Microsoft
orporation (NASDAQ: MSFT), International Business Machines Corporation (NYSE: IBM), and McDonald’s Corporation
NYSE: MCD) demonstrate similar features.

. Concluding remarks

This paper is the first to derive inference results for the VoV based on noisy high frequency data with jumps. We first
se a threshold pre-averaging method to estimate the spot volatilities and then construct an estimator of the VoV through
roper bias correction to the realized VoV. The corresponding CLT and feasible CLT are established with a convergence
ate of n1/8. We illustrate the applications of our feasible CLT in estimating and testing VoV. We also construct a more
owerful test for the null hypothesis that VoV is zero and show that the test statistic has a divergence rate of n1/5 under
he alternative hypothesis that a diffusion component is present in the volatility process.

We show in simulations that the proposed VoV estimator and the test statistic perform well in finite samples. We
lso apply the VoV estimator and tests to the second-by-second trade price data of SPY during 2004–2013 and individual
tocks. The empirical results show strong evidence of non-zero VoV.
One potential direction for improving VoV estimation accuracy is implementing the idea of Estimated-price Realized

olatility (Li et al., 2016). This achieves higher efficiency with trading information taken into account and can be applied
o data of higher frequencies (e.g., tick-by-tick). We leave this for future research.
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ppendix A. The proofs for the main results

In this appendix, we provide proofs of the main results and some supplementary theoretical results. We use K to
enote a constant that may change from line to line, and use Kp when we emphasize that it depends on an additional
arameter p. To simplify notation, we denote

δn = 1/n, ∆n = lnδn = ln/n.

En
i denotes the conditional expectation with respect to the σ -field Fiδn . Some of the following notation follows from Jacod

et al. (2009). For each n, we define the function

gn(s) =

kn−1∑
j=1

gn
j 1((j−1)δn,jδn](s),

which is equal to zero for s > (kn − 1)δn and s ≤ 0, and is bounded uniformly in n. We introduce the processes

X(n, s)t =

∫ s+t

0
bugn(u − s)du +

∫ s+t

0
σugn(u − s)dWu, (A.1)

C(n, s)t =

∫ s+t

0
σ 2
u gn(u − s)2du, Ct =

∫ t

0
σ 2
s ds, cni =

kn−1∑
j=1

(gn
j )

2∆n
i+jC,

nd note that the processes X(n, s)t and C(n, s)t vanish for t ≤ 0 and are constant for t ≥ (kn − 1)δn. Moreover, we define
he following two processes

B(n, s)t =

∫ s+t

X(n, s)ubugn(u − s)du, M(n, s)t =

∫ s+t

X(n, s)uσugn(u − s)dWu,

0 0
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ne readily sees that Itô’s formula implies

X(n, s)2 = 2B(n, s) + C(n, s) + 2M(n, s). (A.2)

etting X c
t = X0 +

∫ t
0 bsds +

∫ t
0 σsdWs, we can rewrite Xt = X c

t + Jt and X c n
i = X(n, iδn)knδn . By a standard localization

rocedure, the local boundedness of the processes b, b̃, b, σ , σ̃ and σ can be replaced by a boundedness (uniformly in
ω, t)) condition; see, for example, Aït-Sahalia and Jacod (2014). Hence, in the following, we assume that b, b̃, b, σ , σ̃ and
σ are bounded. Similarly, following Jacod and Protter (2012), we also assume that X is bounded.

Proof of Proposition 1. We only prove (7), and the rest results can be derived using similar arguments. Note that
Y = X c

+ ϵ + J . By (3), we obtain

l
1
2
n n−

1
4 (ν̂t − νt) = l

1
2
n n−

1
4

⎛⎝ n
ln

⎛⎝ 1
ψ2kn

ln−kn+1∑
j=1

(X c + ϵ
n
i+j)

2
−

ψ1

2ψ2k2n

ln∑
j=0

(∆n
i+j(X

c
+ ϵ))2

⎞⎠− νt

⎞⎠
+ l

1
2
n n−

1
4

⎛⎝ n
ψ2knln

ln−kn+1∑
j=1

[(Y
n
i+j)

21
|Yn

i+j|<un
− (X c + ϵ

n
i+j)

2
]

−
ψ1n

2ψ2lnk2n

ln∑
j=0

[(∆n
i+jY )

2
− (∆n

i+j(X
c
+ ϵ))2]

⎞⎠ .
Following the result of Aït-Sahalia and Jacod (2014) on page 296 and (3), we obtain that the first term

L−s
−→ Zt + c1Z ′

t .
Hence, it remains to show that the second term is of oP (1). It thus suffices to show that

n3/4

knl
1/2
n

ln−kn+1∑
j=1

(J
n
i+j)

21
|Yn

i+j|<un
P

−→ 0, (A.3)

n3/4

knl
1/2
n

ln−kn+1∑
j=1

(X c + ϵ
n
i+j)

21
|Yn

i+j|≥un
P

−→ 0, (A.4)

n3/4

k2nl
1/2
n

ln∑
j=1

(∆n
i+jJ)

2 P
−→ 0, (A.5)

n3/4

k2nl
1/2
n

ln∑
j=1

(∆n
i+j(X

c
+ ϵ))2

P
−→ 0. (A.6)

e only treat (A.3) and (A.4), while (A.5) and (A.6) follows easily.
For the result (A.4), noticing that En

i |X c + ϵ
n
i |

r
≤ Kn−r/4 for r > 0, En

i |J
n
i | ≤ Kn−1/2 and θ2 < 1/4, by Hölder’s inequality,

we have

En
i (X c + ϵ

n
i )

21
|Yn

i |≥un
≤ (En

i (X c + ϵ
n
i )

2a)
1
a (En

i 1|Yn
i |≥un

)
1
b

≤ Kn−1/2(En
i 1|Xc+ϵ

n
i |≥un/2

+ En
i 1|Jni |≥un/2

)
1
b ≤ Kn−1/2

(
En
i

(
|X c + ϵ

n
i |

un

)r

+ En
i
|J

n
i |

un

) 1
b

≤ Kn−1/2 (n(θ2−1/4)r
+ nθ2−1/2) 1

b ,

or 1/a+ 1/b = 1 with a, b > 0 and r > 0. Let b be sufficiently close to 1. Then the arbitrariness of r and θ2 < 1/4 imply
that result (A.4) holds.

For the result (A.3), similar to result (A.4) of Jing et al. (2014), we have

En
i |J

n
i ∧ un| ≤ Kn−1/2u1−s

n , for β < s < 1. (A.7)

ote that

1
|Yn

i |≤un
≤ 1

|Jni |≤2un
+ 1

|Xc+ϵ
n
i |>un

, (A.8)

similar to the result (A.4), so it is sufficient to show that

n3/4

k l1/2

ln∑
(J

n
i+j)

21
|Jni+j|<2un

P
−→ 0. (A.9)
n n j=1
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y (A.7), we have

En
i |

n3/4

knl
1/2
n

ln∑
j=1

(J
n
i+j)

21
|Jni+j|<2un

| ≤ Kn
5
8 max

i≤j≤i+ln
En
i (J

n
j )

21
|Jnj |<2un

≤ Kn
5
8 knδnu2−s

n ≤ Kn
1
8 −θ2(2−s),

and so the condition θ2 > 1/(8(2 − β)) implies (A.9). □

We need an approximation lemma to prove Proposition 2. The lemma and Proposition 2 involve the following notation
that are used to rewrite ν̂(i+m)∆n − ν̂i∆n :

η(1,m)ni =
1

ψ2knlnδn

ln−kn−1∑
j=0

[cn(i+m)ln+j − cniln+j],

η(2,m)ni =
1

ψ2knlnδn

ln−kn−1∑
j=0

[(X c n
(i+m)ln+j)

2
− cn(i+m)ln+j − (X c n

iln+j)
2
+ cniln+j],

η(3,m)ni =
2

ψ2knlnδn

ln−kn−1∑
j=0

[X c n
(i+m)ln+jϵ

n
(i+m)ln+j − X c n

iln+jϵ
n
iln+j],

η(4,m)ni =
1

ψ2knlnδn

ln−kn−1∑
j=0

[(ϵn(i+m)ln+j)
2
− (ϵniln+j)

2
],

η(5,m)ni = −
1

2ψ2k2nlnδn

ln∑
j=0

[(∆n
(i+m)ln+jY )

2
− (∆n

iln+jY )
2
],

η(6,m)ni =
−1

ψ2knlnδn

ln−kn−1∑
j=0

[(X c + ϵ
n
(i+m)ln+j)

21
|Yn

(i+m)ln+j|≥un
− (X c + ϵ

n
iln+j)

21
|Yn

iln+j|≥un
],

η(7,m)ni =
1

ψ2knlnδn

ln−kn−1∑
j=0

[(J
n
(i+m)ln+j)

21
|Yn

(i+m)ln+j|<un
− (J

n
iln+j)

21
|Yn

iln+j|<un
],

η(8,m)ni =
2

ψ2knlnδn

ln−kn−1∑
j=0

[X c + ϵ
n
(i+m)ln+jJ

n
(i+m)ln+j1|Yn

(i+m)ln+j|<un
− X c + ϵ

n
iln+jJ

n
iln+j1|Yn

iln+j|<un
].

Then, we can rewrite the increment ν̂(i+m)∆n − ν̂i∆n as follows:

ν̂(i+m)∆n − ν̂i∆n =

8∑
j=1

η(j,m)ni . (A.10)

We define the approximate counterparts of {η(j,m)ni }1≤j≤3 as follows:

η̆(1,m)ni =
σ̃i∆n

∆n

∫ ∆n

0
(W̃(i+m)∆n+s − W̃i∆n+s)ds,

η̆(2,m)ni =
2σ 2

i∆n

ψ2kn∆n

ln−kn−1∑
j=0

(η̆(2)n(i+m)ln+j − η̆(2)niln+j),

η̆(3,m)ni =
2σi∆n

ψ2kn∆n

ln−kn−1∑
j=0

(W
n
(i+m)ln+jϵ

n
(i+m)ln+j − W

n
iln+jϵ

n
iln+j),

here

η̆(2)ni =

∫ (i+kn)δn

iδn

∫ u

iδn
gn(s − iδn)dWsgn(u − iδn)dWu.

The following lemma provides estimates for the bounds of relevant approximation errors and quantities.

Lemma 1. Suppose that Assumption 1 holds and r ≤ 4. Then,

En
iln |η(2,m)ni − η̆(2,m)ni |

r
≤ Kr (knδn)

r
2 ,

n n n r −1 r

}
(A.11)
Eiln |η(3,m)i − η̆(3,m)i | ≤ Kr (kn ) 2 ,
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nd

En
iln |η(1,m)ni |

r
≤ Kr (lnδn)

r
2 , En

iln |η(2,m)ni |
r
≤ Kr (kn/ln)

r
2 ,

En
iln |η(3,m)ni |

r
≤ Kr (knlnδn)−

r
2 , En

iln |η(4,m)ni |
r
≤ Kr (k3nlnδ

2
n)

−
r
2 ,

En
iln |η(5,m)ni |

r
≤ Kr (k4nlnδ

2
n)

−
r
2 ,

⎫⎪⎬⎪⎭ (A.12)

where inequalities (A.12) also hold when η(j,m)ni is replaced by η̆(j,m)ni for j = 1, 2, 3. Suppose that Assumption 2 holds and
r ≤ 4, then

En
iln |η(1,m)ni − η̆(1,m)ni |

r
≤ Kr (lnδn + kn/ln)r . (A.13)

Proof. We only prove the case of r = 2. For the result of (A.13), we have

η(1,m)ni =

∑kn−1
j=1 (gn

j )
2

ψ2kn∆n

∫ ∆n

0
(σ 2

(i+m)∆n+s − σ 2
i∆n+s)ds + OP

(
1

kn∆n

)
=

1
∆n

∫ ∆n

0
(σ 2

(i+m)∆n+s − σ 2
i∆n+s)ds + OP

(
1

kn∆n

)
, (A.14)

here we use the fact that
∑kn−1

j=1 (gn
j )

2
= ψ2kn + O(1). Further,

η(1,m)ni − η̆(1,m)ni =
1
∆n

∫ ∆n

0

∫ (i+m)∆n+s

i∆n+s
(σ̃u − σ̃i∆n )dW̃uds

+
1
∆n

∫ ∆n

0

∫ (i+m)∆n+s

i∆n+s
b̃ududs + OP

(
1

kn∆n

)
.

hen, it is sufficient to show that the result (A.13) holds for the above two parts. The boundedness of b̃ suggests that

En
iln

⏐⏐⏐⏐ 1
∆n

∫ ∆n

0

∫ (i+m)∆n+s

i∆n+s
b̃ududs

⏐⏐⏐⏐ ≤ K∆n.

By Hölder’s inequality, Burkholder–Davis–Gundy inequality and Assumption 2, we have

En
iln

(
1
∆n

∫ ∆n

0

∫ (i+m)∆n+s

i∆n+s
(σ̃u − σ̃i∆n )dW̃uds

)2

≤ K∆2
n.

Hence, we obtain the result (A.13).
For the first result of (A.11), note that from (A.2), it is sufficient to show that

En
iln

⏐⏐⏐⏐⏐⏐ 1
kn∆n

ln−kn+1∑
j=1

[M(n, ((i + m)ln + j)δn)knδn − σ 2
i∆n
η̆(2)n(i+m)ln+j]

⏐⏐⏐⏐⏐⏐ ≤ K (knδn)
1
2 , (A.15)

En
iln

⏐⏐⏐⏐⏐⏐ 1
kn∆n

ln−kn+1∑
j=1

[M(n, (iln + j)δn)knδn − σ 2
i∆n
η̆(2)niln+j]

⏐⏐⏐⏐⏐⏐ ≤ K (knδn)
1
2 , (A.16)

En
iln

⏐⏐⏐⏐⏐⏐ 1
kn∆n

ln−kn+1∑
j=1

[B(n, ((i + m)ln + j)δn)knδn − B(n, (iln + j)δn)knδn ]

⏐⏐⏐⏐⏐⏐ ≤ K (knδn)
1
2 . (A.17)

he boundedness of b, σ , X implies (A.17). For the first two results (A.15) and (A.16), it is sufficient to prove the second
nequality (A.16), as the first inequality can be similarly obtained. By (A.1) and the property of Itô integral, we have

En
i

(
M(n, iδn)knδn − σ 2

iδn η̆(2)
n
i

)2
= En

i

(∫ (i+kn)δn

iδn

∫ u

iδn
bsgn(s − iδn)σugn(u − iδn)dsdWu

+

∫ (i+kn)δn

iδn

∫ u

iδn
(σsσu − σ 2

iδn )gn(s − iδn)gn(u − iδn)dWsdWu

)2

≤ K

(
En
i

∫ (i+kn)δn

iδn

(∫ u

iδn
|bsσu|ds

)2

du + En
i

∫ (i+kn)δn

iδn

∫ u

iδn
(σsσu − σ 2

iδn )
2dsdu

)
≤ K (k δ )3, (A.18)
n n
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here the fact that σ is an Itô diffusion process is used in the last inequality. Note that En
iln (σ

2
(iln+j1)δn

− σ 2
ilnδn )η̆(2)

n
iln+j1

σ 2
(iln+j2)δn

− σ 2
ilnδn )η̆(2)

n
iln+j2

= 0 for |j1 − j2| > kn, we have

En
iln

⎛⎝ 1
kn∆n

ln−kn+1∑
j=1

(σ 2
(iln+j)δn − σ 2

ilnδn )η̆(2)
n
iln+j

⎞⎠2

≤
Klnkn

(knlnδn)2
max
1≤j≤ln

En
iln

(
(σ 2

(iln+j)δn − σ 2
ilnδn )η̆(2)

n
iln+j

)2
≤

Klnkn
(knlnδn)2

lnδn(knδn)2 = Kknδn,

ence, by (A.18) and Cauchy–Schwarz inequality, we prove the result (A.16).
For the second result of (A.11), it is enough to show

En
iln

⎛⎝ 1
kn∆n

ln−kn+1∑
j=1

(X c n
iln+j − σi∆nW

n
iln+j)ϵ

n
iln+j

⎞⎠2

≤ Kk−1
n ,

by inequality (5.34) of Jacod et al. (2009), it is not hard to show the above inequality.
It is not difficult to show that the results in (A.12) hold. Hence, we have proved Lemma 1. □

We are now ready to give the proof for Proposition 2.

Proof of Proposition 2. Recall that θ1 = 3/4 and the notations before Lemma 1. By straightforward calculations, we
obtain

En
iln (η̆(1,m)ni )

2
= (m −

1
3
)σ̃ 2

i∆n
∆n,

En
iln (η̆(2,m)ni )

2
=

8Φ22

ψ2
2
σ 4
i∆n

kn
ln

+ OP

(
k2n
l2n

)
,

En
iln (η̆(3,m)ni )

2
=

16Φ12

ψ2
2
σ 2
i∆n
σ 2
ϵ

1
kn∆n

+ OP

(
1

ln∆n

)
,

En
iln (η(4,m)ni )

2
=

8Φ11

ψ2
2
σ 4
ϵ

1
k3nlnδ2n

+ OP

(
1

k2nl2nδn

)
,

En
iln (η(5,m)ni )

2
=

2
ψ2

2
σ 4
ϵ

1
k4nlnδ2n

+ OP

(
1

k4nlnδn

)
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(A.19)

For convenience, we write η̆(j,m)ni = η(j,m)ni for j = 4, . . . , 8, and then

V (ν; θ1,m)nt =

[t/∆n]−m−1∑
i=1

(̂ν(i+m)∆n − ν̂i∆n )
2

=

[t/∆n]−m−1∑
i=1

⎛⎝ 8∑
j=1

η(j,m)ni

⎞⎠2

=

[t/∆n]−m−1∑
i=1

8∑
j1=1

(η̆(j1,m)ni )
2
+

[t/∆n]−m−1∑
i=1

8∑
j1 ̸=j2

η̆(j1,m)ni η̆(j2,m)ni

+

[t/∆n]−m−1∑
i=1

8∑
j1,j2=1

(η(j1,m)ni − η̆(j1,m)ni )(η(j2,m)ni − η̆(j2,m)ni )

+ 2
[t/∆n]−m−1∑

i=1

8∑
j1,j2=1

(η(j1,m)ni − η̆(j1,m)ni )η̆(j2,m)ni .

The results in (A.19) imply that
[t/∆n]−m−1∑

i=1

4∑
j=1

En
iln (η̆(j,m)ni )

2 P
−→

(
m −

1
3

)∫ t

0
σ̃ 2
s ds +

2
c21

∫ t

0
γ 2
s ds.

y the Cauchy–Schwarz inequality, then it is enough to show that
[t/∆n]−m−1∑ 4∑(

(η̆(j,m)ni )
2
− En

i (η̆(j,m)ni )
2) P

−→ 0, (A.20)

i=1 j=1
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[t/∆n]−m−1∑
i=1

(η̆(j,m)ni )
2 P

−→ 0, j = 5, . . . , 8, (A.21)

[t/∆n]−m−1∑
i=1

η̆(j1,m)ni η̆(j2,m)ni
P

−→ 0, j1, j2 = 1, . . . , 8, j1 ̸= j2, (A.22)

[t/∆n]−m−1∑
i=1

3∑
j1=1

(η(j1,m)ni − η̆(j1,m)ni )
2 P

−→ 0. (A.23)

For (A.20), by Lemma 2.2.11 of Jacod and Protter (2012), it is sufficient to prove
[t/∆n]−m−1∑

i=1

En
iln (η̆(j,m)ni )

4 P
−→ 0, j = 1, 2, . . . , 4. (A.24)

For (A.22), the Cauchy–Schwarz inequality implies that it is sufficient to show (A.21) and to show that (A.22) holds for
j1, j2 = 1, . . . , 4, j1 ̸= j2. For result (A.22) with j1, j2 = 1, . . . , 4, j1 ̸= j2, we have

E

(
[t/∆n]−m−1∑

i=1

η̆(j1,m)ni η̆(j2,m)ni

)2

=

[t/∆n]−m−1∑
i=1

E
(
η̆(j1,m)ni η̆(j2,m)ni

)2
.

hen, by Hölder’s inequality, it is sufficient to show (A.24). For (A.23), Lemma 2.2.10 of Jacod and Protter (2012) implies
hat it is sufficient to prove

[t/∆n]−m−1∑
i=1

En
iln (η(j,m)ni − η̆(j,m)ni )

2 P
−→ 0, j = 1, 2, 3. (A.25)

emma 1 suggests that arguments (A.24) and (A.25) hold for j = 2, 3. For j = 1 in (A.25), under Assumption 1, by the
roof of (A.13), we have

En
iln (η(j,m)ni − η̆(j,m)ni )

2
≤ K∆2

n + K∆nEn
iln ( sup

s,t∈[i∆n,(i+m)∆n]

|̃σs − σ̃t |)2.

Then by Lemma 5.4 of Jacod et al. (2009), we have (A.25) for j = 1. Note that Lemma 1 implies that (A.21) holds when
j = 5; hence, it remains to show (A.21) for j = 6, 7, 8.

For j = 6 in (A.21), similar to the result (A.4), it is not hard to obtain that (A.21) holds for j = 6. For j = 7 in (A.21), by
(A.8), similar to the case j = 6 in (A.21), so it is sufficient to show that

[t/∆n]−m−1∑
i=1

(η̆(7,m)ni )
2 P

−→ 0, (A.26)

where

η̆(7,m)ni =
1

ψ2knlnδn

ln−kn−1∑
j=0

[(J
n
(i+m)ln+j)

21
|Jn(i+m)ln+j|<2un

+ (J
n
iln+j)

21
|Jniln+j|<2un

].

By (A.7), we have

En
iln |η̆(7,m)ni | ≤

K
knδn

max
iln≤j≤(i+m+1)ln

En
iln (J

n
j )

21
|Jnj |<2un

≤
K

knδn
knδnu2−s

n ≤ Kn−θ2(2−s), (A.27)

and so the condition θ2 > 1/(8(2 − β)) implies (A.26). For j = 8 in (A.21), by the result for j = 7, Hölder’s inequality
suggests that the result holds provided that θ2 > 1/(8(2 − β)). □

Remark 11. By very similar arguments to that of the proof for Proposition 2, we can show that the following general
results hold under the same Assumption 1. That is, if 1/2 < θ1 < 1 and (1 − θ1)/(4 − 2β) < θ2 < 1/4, then

V (ν; θ1,m)nt −
2n

3
2 −2θ1

c21

∫ t

0
γ 2
s ds

P
−→ (m − 1/3)

∫ t

0
σ̃ 2
s ds. (A.28)

urthermore, suppose that σ̃ ≡ 0, θ1 = 5/6, and (1 − θ1)/(2 − β) < θ2 < 1/4, then

n1−θ1V (ν; θ1,m)nt
P

−→ m2c1

∫ t

b̃2s ds +
2
2

∫ t

γ 2
s ds. (A.29)
0 c1 0
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he convergence results in (A.28) and (A.29) are useful in the construction of our test for whether drift processes are
ufficient in describing volatility processes.

To prove Theorem 1, we follow the same arguments as in the proof of Theorem 2.6 of Vetter (2015). Some additional
otation and a lemma are needed. Let p be an arbitrary positive integer. Define

Jn(p) = [([t/∆n] − 3)/(2(p + 2))], aq(p) := 2(q − 1)(p + 2), bq(p) := aq(p) + 2p, (A.30)

or q = 1, 2, . . . , Jn(p), where Jn(p) is the number of big blocks with common time span 2(p + 2)∆n. Denote sq := aq(p)ln.
ecall the definitions of η(j,m)ni right before Lemma 1 for j = 1, . . . , 4. We define their approximate counterparts as
ollows (with m = 1): for aq(p) ≤ i < aq+1(p), set

η̃(1,m)ni =
σ̃aq(p)∆n

∆n

∫ ∆n

0
(W̃(i+m)∆n+s − W̃i∆n+s)ds,

η̃(2,m)ni =

2σ 2
aq(p)∆n

ψ2kn∆n

ln−kn−1∑
j=0

(η̆(2)n(i+m)ln+j − η̆(2)niln+j),

η̃(3,m)ni =
2σaq(p)∆n

ψ2kn∆n

ln−kn−1∑
j=0

(W
n
(i+m)ln+jϵ

n
(i+m)ln+j − W

n
iln+jϵ

n
iln+j).

Based on the above notation, we further define

Ũ(1, 1)ni = (̃η(1, 1)ni )
2
−

2
3
σ̃ 2
aq(p)∆n

∆n, Ũ(2, 2)ni = (̃η(2, 1)ni )
2
−

8c2Φ22

(ψ2c1)2
σ 4
aq(p)∆n

∆n,

Ũ(3, 3)ni = (̃η(3, 1)ni )
2
−

16Φ12σ
2
ϵ

c2(ψ2c1)2
σ 2
aq(p)∆n

∆n, Ũ(4, 4)ni = (̃η(4, 1)ni )
2
−

8Φ11

c32 (ψ2c1)2
σ 4
ϵ ∆n,

Ũ(j1, j2)ni = η̃(j1, 1)ni η̃(j2, 1)
n
i , j1 ̸= j2, j1, j2 = 1, . . . , 4,

here η̃(4, 1)ni = η(4, 1)ni . For j1, j2 = 1, . . . , 4, Ũ(j1, j2)ni approximate U(j1, j2)ni , which are defined as follows: for
q(p) ≤ i < aq+1(p),

U(1, 1)ni = (η(1, 1)ni )
2
−

2
3
σ̃ 2
aq(p)∆n

∆n, U(2, 2)ni = (η(2, 1)ni )
2
−

8c2Φ22

(ψ2c1)2
σ 4
aq(p)∆n

∆n,

U(3, 3)ni = (η(3, 1)ni )
2
−

16Φ12σ
2
ϵ

c2(ψ2c1)2
σ 2
aq(p)∆n

∆n, U(4, 4)ni = (η(4, 1)ni )
2
−

8Φ11

c32 (ψ2c1)2
σ 4
ϵ ∆n,

U(j1, j2)ni = η(j1, 1)ni η(j2, 1)
n
i , j1 ̸= j2, j1, j2 = 1, . . . , 4.

ote that inequalities (A.11) and (A.13) of Lemma 1 also hold when η̆ is replaced by η̃ and Kr is replaced by a constant
r,p; and that inequalities (A.12) also hold when η is replaced by η̃. Then we have the following lemma.

emma 2. Suppose that Assumption 2 holds and θ1 = 3/4. Then, for any fixed p, we have

n
1
8

[t/∆n]−2∑
i=0

(
U(j1, j2)ni − Ũ(j1, j2)ni

) P
−→ 0, j1, j2 = 1, 2, 3, (A.31)

as n → ∞.

Proof. Step 1. We prove the case j1 = j2 = 1 of (A.31). Note that a2 − b2 = 2b(a − b) + (a − b)2, then it is sufficient to
show

n
1
8

[t/∆n]−2∑
i=0

(
η(1, 1)ni − η̃(1, 1)ni

)
η̃(1, 1)ni

P
−→ 0, (A.32)

n
1
8

[t/∆n]−2∑
i=0

(
η(1, 1)ni − η̃(1, 1)ni

)2 P
−→ 0. (A.33)

y Lemma 1, it is not hard to obtain the result (A.33). Therefore, it is sufficient to show (A.32).
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For aq(p) ≤ i < aq+1(p), we have

η(1, 1)ni − η̃(1, 1)ni =
1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
b̃ududs +

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
(σ̃u − σ̃aq(p)∆n )dW̃uds

+
1

ψ2kn∆n

⎡⎣ ln∑
j=ln−kn

kn−1∑
m=j+kn−ln

(gn
m)

2(∆n
(i+1)ln+jC −∆n

iln+jC)

⎤⎦
+

1
ψ2kn∆n

⎡⎣kn−1∑
j=1

j∑
m=1

(gn
m)

2(∆n
(i+1)ln+jC −∆n

iln+jC)

⎤⎦+ OP

(
kn

√
lnδn
ln

)
=: α(1, 1)ni + α(1, 2)ni + α(1, 3)ni + α(1, 4)ni + OP

(
kn

√
lnδn
ln

)
,

here α(1, j)ni , j = 1, . . . , 4 are the corresponding terms, respectively. For the argument in (A.32), Lemma 1 implies that
t is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

α(1, j)ni η̃(1, 1)
n
i

P
−→ 0, j = 1, 2, 3, 4. (A.34)

For the case j = 1 of (A.34), note that b̃u = (̃bu − b̃i∆n ) + b̃i∆n . Then, it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
b̃i∆nduds̃η(1, 1)

n
i

P
−→ 0, (A.35)

n
1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
(̃bu − b̃i∆n )duds̃η(1, 1)

n
i

P
−→ 0. (A.36)

or (A.35), we have

E

(
n

1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
b̃i∆nduds̃η(1, 1)

n
i

)2

= n
1
4

[t/∆n]−2∑
i=0

EEn
iln

(
1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
b̃i∆nduds̃η(1, 1)

n
i

)2

≤ Kn
1
4 ×

1
∆n

×∆2
n ×∆n = Kn

1
4∆2

n −→ 0

as n goes to infinity. For (A.36), two applications of Hölder’s inequality suggest that

En
iln

(∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
(̃bu − b̃i∆n )duds

)2

≤ En
iln

(∫ ∆n

0

∫ (i+2)∆n

i∆n

|̃bu − b̃i∆n |duds
)2

≤ K∆4
nE

n
i (β

n
i (p))

2,

where

βn
i (p) = sup

s,t∈[i∆n,(i+2(p+2))∆n]

{|̃bs − b̃t | + |σs − σt | + |̃σs − σ̃t | + |σ s − σ t |}.

Then,

E

⏐⏐⏐⏐⏐n 1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s
(̃bu − b̃i∆n )duds̃η(1, 1)

n
i

⏐⏐⏐⏐⏐
≤ Kn

1
8

[t/∆n]−2∑
i=0

∆n

√
En
iln (β

n
i (p))2 ×∆1/2

n ≤ K∆n

[t/2∆n]∑
i=1

√
En
iln (β

n
i (p))2 −→ 0

as n −→ ∞, where Lemma 5.4 of Jacod et al. (2009) is used in the last step. Hence, we have proved (A.34) for j = 1.
For j = 2 of (A.34), note that dσ̃t = bdt + σ tdW t . Thus, it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

brdrdWuds̃η(1, 1)ni
P

−→ 0, (A.37)

n
1
8

[t/∆n]−2∑ 1
∆

∫ ∆n
∫ (i+1)∆n+s ∫ u

σ rdW rdWuds̃η(1, 1)ni
P

−→ 0. (A.38)

i=0 n 0 i∆n+s aq(p)∆n
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or (A.37), the boundedness of b and Hölder’s inequality imply that

En
sq

(
1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

brdrdWuds

)2

≤ K∆3
n.

urther, by Lemma 1, we have

En
1
8

⏐⏐⏐⏐⏐
[t/∆n]−2∑

i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

brdrdWuds̃η(1, 1)ni

⏐⏐⏐⏐⏐
≤ Kn

1
8 ×

1
∆n

×∆3/2
n ×∆1/2

n = Kn
1
8 ×∆n −→ 0

as n goes to infinity. Hence, we obtain (A.37). For (A.38), note that σ r = (σ r − σ aq(p)∆n )+ σ aq(p)∆n . Then, it is sufficient to
show that

n
1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

σ aq(p)∆ndW rdWuds̃η(1, 1)ni
P

−→ 0, (A.39)

n
1
8

[t/∆n]−2∑
i=0

1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

(σ r − σ aq(p)∆n )dW rdWuds̃η(1, 1)ni
P

−→ 0. (A.40)

e prove (A.39) first. Denote

ξ ni =
1
∆n

∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

dW rdWuds.

By the property of Itô integral, we have En
sqξ

n
i η̃(1, 1)

n
i = 0, and hence Eξ ni1 η̃(1, 1)

n
i1
ξ ni2 η̃(1, 1)

n
i2

= 0 for |i1 − i2| > 2(p + 2).
Therefore, similarly to (A.35), (A.39) follows from Hölder’s inequality and Lemma 1. As to (A.40), by Hölder’s inequality,
we have

En
sq

(∫ ∆n

0

∫ (i+1)∆n+s

i∆n+s

∫ u

aq(p)∆n

(σ r − σ aq(p)∆n )dW rdWuds

)2

≤ K (∆n)4En
sq (β

n
aq(p)(p))

2.

hen, by method similar to the procedure used to prove (A.36), we obtain (A.40) by Hölder’s inequality and applying
emma 5.4 in Jacod et al. (2009). Hence, we have proved (A.34) for j = 2.
For cases j = 3 and j = 4 of (A.34), we only prove the latter and the former follows similarly. The boundedness of σ

mplies that

|α(1, 4)ni | ≤
1

ψ2kn∆n

kn−1∑
j=1

j∑
m=1

(gn
m)

2
⏐⏐⏐⏐∫ δn

0
(σ 2

s+((i+1)ln+j)δn − σ 2
s+(iln+j)δn )ds

⏐⏐⏐⏐ ≤
Kβn

i (p)
kn∆n

≤ K∆nβ
n
i (p).

hen, by similar argument to the procedure used to prove (A.36), we obtain (A.34) for j = 4.
Step 2. We prove the case j1 = j2 = 2 in (A.31). Similar to Step 1, Lemma 1 implies that it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

(
η(2, 1)ni − η̃(2, 1)ni

)
η̃(2, 1)ni

P
−→ 0. (A.41)

enote i(j) = ((i + 1)ln + j)δn and i(j) = (iln + j)δn. For aq(p) ≤ i < aq+1(p), set

α(2, 1)ni =
1

ψ2kn∆n

ln−kn−1∑
j=0

[B(n, ((i + 1)ln + j)δn)knδn − B(n, (iln + j)δn)knδn ],

α(2, 2)ni =
2

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)

∫ u

i(j)
bsgn(s − i(j))dsσugn(u − i(j))dWu,

α(2, 3)ni =
2

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)

∫ u

i(j)
(σsσu − σ 2

aq(p)∆n
)gn(s − i(j))dWsgn(u − i(j))dWu,

nd let α(2, 4)ni and α(2, 5)ni be the same formulae as α(2, 2)ni and α(2, 3)ni when i(j) is replaced by i(j), respectively. Then,
e have

η(2, 1)n − η̃(2, 1)n = α(2, 1)n + α(2, 2)n + α(2, 3)n − α(2, 4)n − α(2, 5)n.
i i i i i i i
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or (A.41), it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

α(2, j)ni η̃(2, 1)
n
i

P
−→ 0, j = 1, . . . , 5. (A.42)

For the case j = 1 in (A.42), we have

En
iln (α(2, 1)

n
i )

2

≤
K

(kn∆n)2

ln−kn−1∑
j1,j2=0

En
ilnB(n, (iln + j1)δn)knδnB(n, (iln + j2)δn)knδn

≤
Kkn

(kn∆n)2

ln−kn−1∑
j=0

En
iln

(∫ i(j)+knδn

i(j)

∫ u

i(j)
σsgn(s − i(j))dWsbugn(u − i(j))du

)2

+ OP (δn)

≤
Kknln

(kn∆n)2
(knδn)3 + OP (δn) ≤ Kn−3/4.

hen, Lemma 1 implies that (A.42) holds for j = 1.
Similar to the case where j = 1, we can obtain (A.42) for j = 2 and j = 4.
For cases j = 3 and j = 5 in (A.42), we only prove the latter, as the former can be proved in a similar manner. Let

α(2, 6)ni =
2σaq(p)∆n

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)

∫ u

i(j)
gn(s − i(j))dWs(σu − σaq(p)∆n )gn(u − i(j))dWu,

α(2, 7)ni =
2

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)

∫ u

i(j)
(σs − σaq(p)∆n )gn(s − i(j))dWsgn(u − i(j))σudWu.

hen, α(2, 5)ni = α(2, 6)ni + α(2, 7)ni , and it is sufficient to prove (A.42) for cases j = 6 and j = 7.
We now prove the case of j = 6 in (A.42). Note that under Assumption 2, by Itô’s formula, there exist two locally

ounded càdlàg processes b, σ such that dσt = btdt + σ tdW̃t ; see, for example, Aït-Sahalia and Jacod (2014). Set

α(2, 8)ni =
2σaq(p)∆n

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)

∫ u

i(j)
gn(s − i(j))dWs

∫ u

aq(p)∆n

brdrgn(u − i(j))dWu,

α(2, 9)ni =
2σaq(p)∆n

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)

∫ u

i(j)
gn(s − i(j))dWs

∫ u

aq(p)∆n

σ rdW̃rgn(u − i(j))dWu.

Then, α(2, 6)ni = α(2, 8)ni + α(2, 9)ni , and it is sufficient to show (A.42) for j = 8 and j = 9. For j = 8, we have

En
sq (α(2, 8)

n
i )

2

≤

Kknσ 2
aq(p)∆n

(kn∆n)2

ln−kn−1∑
j=0

En
sq

(∫ i(j)+knδn

i(j)

∫ u

i(j)
gn(s − i(j))dWs

∫ u

aq(p)∆n

brdrgn(u − i(j))dWu

)2

≤ Kδn.

ence, Lemma 1 implies that (A.42) holds for j = 8. For j = 9, note that σ r = σ aq(p)∆n
+ (σ r − σ aq(p)∆n

), and denote
(2, 10)ni and α(2, 11)ni by the term α(2, 9)ni , where

∫ u
i∆n
σ rdW̃r is replaced by

∫ u
i∆n
σ aq(p)∆n

dW̃r and
∫ u
i∆n

(σ r −σ aq(p)∆n
)dW̃r ,

espectively. Then, α(2, 9)ni = α(2, 10)ni + α(2, 11)ni . For the case where j = 10 in (A.42), similar to the proof of (A.35), by
emma 1 and the following result:

En
sq (α(2, 10)

n
i )

2

≤
Kkn

(kn∆n)2

ln−kn−1∑
j=0

En
sq

(∫ i(j)+knδn

i(j)

∫ u

i(j)
gn(s − i(j))dWs

∫ u

aq(p)∆n

σ aq(p)∆n
dW̃rgn(u − i(j))dWu

)2

≤
Kknln

(k ∆ )2
× (knδn)2(lnδn) ≤ Kknδn,
n n
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e obtain (A.42) for j = 10. For j = 11 in (A.42), similar to proving (A.36), the desired result is not hard to obtain. Hence,
e have proved (A.42) for j = 6.
For j = 7 in (A.42), similar to the procedure for j = 6, we can show that the argument holds. Hence, we have proved

A.42) for j = 5, obtained (A.41), and completed the proof of step 2.
Step 3. We prove the case j1 = j2 = 3 in (A.31). Similar to Step 1, Lemma 1 implies that it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

(
η(3, 1)ni − η̃(3, 1)ni

)
η̃(3, 1)ni

P
−→ 0.

For aq(p) ≤ i < aq+1(p), set

α(3, 1)ni =
2

ψ2kn∆n

ln−kn−1∑
j=0

[X c n
i(j) − σaq(p)∆nW

n
i(j)]ϵ

n
i(j),

α(3, 2)ni =
2

ψ2kn∆n

ln−kn−1∑
j=0

[X c n
i(j) − σaq(p)∆nW

n
i(j)]ϵ

n
i(j),

and we have η(3, 1)ni − η̃(3, 1)ni = α(3, 1)ni − α(3, 2)ni . Then, it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

α(3, j)ni η̃(3, 1)
n
i

P
−→ 0, j = 1, 2. (A.43)

s the two cases are similar, we only prove the case where j = 2 in (A.43). Because

En
iln

⎛⎝ 2
ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)
bugn(u − i(j))duϵni(j)

⎞⎠2

≤
K
ln
,

emma 1 implies that it is sufficient to show that (A.43) holds for α(3, 3)ni with

α(3, 3)ni =
2

ψ2kn∆n

ln−kn−1∑
j=0

∫ i(j)+knδn

i(j)
(σu − σaq(p)∆n )gn(u − i(j))dWuϵ

n
i(j).

Then, similar to the proof of (A.42) for j = 6, it is not hard to show that (A.43) holds for j = 3. Hence, we have proved
(A.31) for j1 = j2 = 3.

Step 4. For the case j1 ̸= j2 in (A.31), similar to the above procedure, it is sufficient to show that

n
1
8

[t/∆n]−2∑
i=0

(
η(j1, 1)ni − η̃(j1, 1)ni

)
η̃(j2, 1)ni

P
−→ 0, j1 ̸= j2.

It is not difficult to obtain the above results through the procedure of Steps 1–3. □

We now prove Theorem 1.

Proof of Theorem 1. Note that, from Proposition 2, the consistency of the estimator is obvious. As to the CLT result (12),
it is sufficient to show that

Un
t =: n1/8

(
V (ν; θ1, 1)nt −

2
c21

∫ t

0
γ 2
s ds −

2
3

∫ t

0
σ̃ 2
s ds
)

L−s
−→

∫ t

0
ΣsdBs, (A.44)

n
1
8

(
ˆ∫ t

0
γ 2
s ds −

∫ t

0
γ 2
s ds

)
P

−→ 0, (A.45)

as n → ∞. The result (A.45) is implied by

n
1
4

(
ˆ∫ t

0
γ 2
s ds −

∫ t

0
γ 2
s ds

)
= OP (1), (A.46)
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w
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w

hich follows easily from Theorem 3 of Podolskij and Vetter (2009a). Then, it remains to show (A.44). Recalling that
n = lnδn, we have

Un
t = n

1
8

(
[t/∆n]−2∑

i=0

(η(1, 1)ni )
2
−

2
3

∫ t

0
σ̃ 2
s ds

)
+ n

1
8

(
[t/∆n]−2∑

i=0

(η(2, 1)ni )
2
−

8c2Φ22

(ψ2c1)2

∫ t

0
σ 4
s ds

)

+ n
1
8

(
[t/∆n]−2∑

i=0

(η(3, 1)ni )
2
−

16Φ12σ
2
ϵ

c2(ψ2c1)2

∫ t

0
σ 2
s ds

)
+ n

1
8

(
[t/∆n]−2∑

i=0

(η(4, 1)ni )
2
−

8Φ11σ
4
ϵ t

c32 (ψ2c1)2

)

+

4∑
j1 ̸=j2=1

n
1
8

[t/∆n]−2∑
i=0

η(j1, 1)ni η(j2, 1)
n
i

+ n
1
8

[t/∆n]−2∑
i=0

8∑
j1=5

η(j1, 1)ni

⎛⎝2
4∑

j2=1

η(j2, 1)ni +

8∑
j1=5

η(j1, 1)ni

⎞⎠
=:

4∑
j=1

U(j, j)nt +

4∑
j1 ̸=j2=1

U(j1, j2)nt + Rn
1,t , (A.47)

where U(j1, j2)nt , j1, j2 = 1, 2, 3, 4, and Rn
1,t are the corresponding terms, respectively. Note that U(j1, j2)nt = U(j2, j1)nt .

Recall the notations right before Lemma 2. Ũ(j1, j2)nt is an approximation of U(j1, j2)nt , where η(j, 1)ni is replaced by
(j, 1)ni . Then, we can write

Ũ(j1, j2)nt = n
1
8

Jn(p)∑
q=1

bq(p)−1∑
i=aq(p)

Ũ(j1, j2)ni + n
1
8

Jn(p)∑
q=1

aq+1(p)−1∑
i=bq(p)

Ũ(j1, j2)ni + n
1
8 R̃(j1, j2)nt ,

here, for j1, j2 = 1, 2, 3, 4,

R̃(1, 1)nt =

[t/∆n]−2∑
i=Jn(p)

(̃η(1, 1)ni )
2
+

2
3

Jn(p)∑
q=1

σ̃ 2
aq(p)∆n

2(p + 2)∆n −
2
3

∫ t

0
σ̃ 2
s ds,

R̃(2, 2)nt =

[t/∆n]−2∑
i=Jn(p)

(̃η(2, 1)ni )
2
+

8c2Φ22

(ψ2c1)2

Jn(p)∑
q=1

σ 4
aq(p)∆n

2(p + 2)∆n −
8c2Φ22

(ψ2c1)2

∫ t

0
σ 4
s ds,

R̃(3, 3)nt =

[t/∆n]−2∑
i=Jn(p)

(̃η(3, 1)ni )
2
+

16Φ12σ
2
ϵ

c2(ψ2c1)2

Jn(p)∑
q=1

σ 2
aq(p)∆n

2(p + 2)∆n −
16Φ12σ

2
ϵ

c2(ψ2c1)2

∫ t

0
σ 2
s ds,

R̃(4, 4)nt =

[t/∆n]−2∑
i=Jn(p)

(̃η(4, 1)ni )
2
+

8Φ11

c32 (ψ2c1)2
σ 4
ϵ

Jn(p)∑
q=1

2(p + 2)∆n −
8Φ11

c32 (ψ2c1)2
σ 4
ϵ t,

R̃(j1, j2)nt =

[t/∆n]−2∑
i=Jn(p)

η̃(j1, 1)ni η̃(j2, 1)
n
i , j1 ̸= j2, j1, j2 = 1, . . . , 4.

It is not difficult to show that n
1
8 R̃(j1, j2)nt converges to zero in probability as n and p go to infinity, for j1, j2 = 1, . . . , 4.

Note that the first part of Ũ(j1, j2)nt is the dominant term, and that the dominant terms
∑bq(p)−1

i=aq(p) Ũ(j1, j2)ni are uncorrelated
for different q. To prove result (A.44), it is sufficient to show that

U(j1, j2)nt − Ũ(j1, j2)nt
P

−→ 0, j1, j2 = 1, . . . , 4, (A.48)

n
1
4

Jn(p)∑
q=1

En
sq

⎛⎝bq(p)−1∑
i=aq(p)

⎛⎝ 4∑
j=1

Ũ(j, j)ni + 2
4∑

j1,j2=1,j1<j2

Ũ(j1, j2)ni

⎞⎠⎞⎠2

P
−→

∫ t

0
Σ2

s ds, (A.49)

n
1
2

Jn(p)∑
q=1

En
sq

⎛⎝bq(p)−1∑
i=aq(p)

⎛⎝ 4∑
j=1

Ũ(j, j)ni + 2
4∑

j1,j2=1,j1<j2

Ũ(j1, j2)ni

⎞⎠⎞⎠4

P
−→ 0, (A.50)

n
1
8

Jn(p)∑
En
sq

bq(p)−1∑ ⎛⎝ 4∑
Ũ(j, j)ni + 2

4∑
Ũ(j1, j2)ni

⎞⎠ (Nbq(p)∆n − Naq(p)∆n )
P

−→ 0, (A.51)

q=1 i=aq(p) j=1 j1,j2=1,j1<j2
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n
1
8

Jn(p)∑
q=1

aq+1(p)−1∑
i=bq(p)

Ũ(j1, j2)ni
P

−→ 0, j1, j2 = 1, . . . , 4, (A.52)

n
1
8

[t/∆n]−2∑
i=0

η(j1, 1)ni η(j2, 1)
n
i

P
−→ 0, j1 = 5, . . . , 8, j2 = 1, . . . , 8, (A.53)

as n and p go to infinity, where N is any component of (W , W̃ ) or a bounded martingale orthogonal to W and W̃ . Lemma 2
implies (A.48).

Step 1. For (A.49), we can show that, for j1, . . . , j4 = 1, . . . , 4,

n
1
4

Jn(p)∑
q=1

En
sq

⎛⎝bq(p)−1∑
i=aq(p)

Ũ(j1, j2)ni

bq(p)−1∑
i=aq(p)

Ũ(j3, j4)ni

⎞⎠ P
−→

∫ t

0
Σ(j1, j2, j3, j4)2s ds, (A.54)

s n and p go to infinity, where Σ(j1, j2, j3, j4)t = Σ(j2, j1, j3, j4)t ,Σ(j1, j2, j3, j4)t = Σ(j1, j2, j4, j3)t , and

Σ(1, 1, 1, 1)2t = c1σ̃ 4
t , Σ(2, 2, 2, 2)2t =

192(Φ22c2)2

ψ4
2 c

3
1

σ 8
t ,

Σ(3, 3, 3, 3)2t =
768Φ2

12σ
4
ϵ

ψ4
2 c

3
1c

2
2
σ 4
t , Σ(4, 4, 4, 4)2t =

192Φ2
11

ψ4
2 c

3
1c

6
2
σ 8
ϵ ,

Σ(1, 2, 1, 2)2t =
16Φ22c2
ψ2

2 c1
σ 4
t σ̃

2
t , Σ(1, 3, 1, 3)2t =

32Φ12σ
2
ϵ

ψ2
2 c1c2

σ 2
t σ̃

2
t ,

Σ(1, 4, 1, 4)2t =
16Φ11σ

4
ϵ

ψ2
2 c

3
2c1

σ̃ 2
t , Σ(2, 3, 2, 3)2t =

192Φ12Φ22σ
2
ϵ

ψ4
2 c

3
1

σ 6
t ,

Σ(2, 4, 2, 4)2t =
96Φ11Φ22σ

4
ϵ

c22ψ
4
2 c

3
1

σ 4
t , Σ(3, 4, 3, 4)2t =

192Φ11Φ12σ
6
ϵ

c42ψ
4
2 c

3
1

σ 2
t ,

Σ(j1, j2, j3, j4)2t = 0, (j1, j2) ̸= (j3, j4).

fter some standard and complicated computations, it is not hard to prove that (A.54) holds. By (A.47) and the expression
f γ 2

t , we derive Σ2
t =

∑4
j1,...,j4=1Σ(j1, j2, j3, j4)2t and obtain (A.49).

Step 2. For (A.50), using the Cr inequality, it is sufficient to show that

n
1
2

Jn(p)∑
q=1

En
sq

⎛⎝bq(p)−1∑
i=aq(p)

Ũ(j1, j2)ni

⎞⎠4

P
−→ 0, j1, j2 = 1, . . . , 4, (A.55)

s n goes to infinity. For the case j1 = j2 = 1, by Lemma 1, we have

En
i (U(j1, j2)ni )

4
≤ K (lnδn)4.

Hence, we obtain (A.55) for the case j1 = j2 = 1 because bq(p) − aq(p) = 2p is independent of n. For the other cases, we
can similarly use Lemma 1 to obtain the desired results.

Step 3. For (A.51), it is sufficient to show that

n
1
8

Jn(p)∑
q=1

En
sq

bq(p)−1∑
i=aq(p)

Ũ(j1, j2)ni (Nbq(p)∆n − Naq(p)∆n )
P

−→ 0, j1, j2 = 1, . . . , 4. (A.56)

Similar to the procedure used to prove (6.25) in Vetter (2015), it is not hard to obtain (A.56) by Itô’s lemma and the
property of the normal distribution.

Step 4. For (A.52), it is sufficient to show that

n
1
4

Jn(p)∑
q=1

En
sq

⎛⎝aq+1(p)−1∑
i=bq(p)

Ũ(j1, j2)ni

⎞⎠2

P
−→ 0, j1, j2 = 1, . . . , 4,

as n and p go to infinity. Similar to Step 1, we obtain the above results as n and p go to infinity.
Step 5. For (A.53), Hölder’s inequality suggests that it is sufficient to show that

n
1
8

[t/∆n]−2∑
(η(j, 1)ni )

2 P
−→ 0, j = 5, . . . , 8. (A.57)
i=0
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or j = 5 in (A.57), Lemma 1 implies that (A.57) holds for j = 5. For j = 6, similar to the proof of the case j = 6 in
A.21), the condition θ2 < 1/4 implies that the result holds. For j = 7, similar to the case j = 7 in (A.21), the condition
2 > 3(1 − θ1)/(4(2 − β)) suggests that (A.57) holds for j = 7. By Hölder’s inequality, we obtain result (A.57) for j = 8
rom the results for j = 6 and j = 7. □

emark 12. By very similar arguments to that of the proof for Theorem 1, we can show that the following general results
old under Assumption 2 and σ̃ ≡ 0. That is,

(a) if 1/2 < θ1 < 4/5 and θ1/(4(2 − β)) < θ2 < 1/4, then for any fixed t ,

n
1−θ1

2

(
n2θ1−

3
2 V (ν; θ1,m)nt −

2
c21

∫ t

0
γ 2
s ds

)
L−s
−→

√
12
c31

∫ t

0
γ 2
s dBs;

(b) if θ1 = 4/5 and θ1/(4(2 − β)) < θ2 < 1/4, then for any fixed t ,

n
1−θ1

2

(
n2θ1−

3
2 V (ν; θ1,m)nt −

2
c21

∫ t

0
γ 2
s ds

)
L−s
−→ m2c1

∫ t

0
b̃2udu +

√
12
c31

∫ t

0
γ 2
s dBs; (A.58)

(c) if 4/5 < θ1 < 1 and (1 − θ1)/(2 − β) < θ2 < 1/4, then for any fixed t ,

n
5
2 −3θ1

(
n2θ1−

3
2 V (ν; θ1,m)nt −

2
c21

∫ t

0
γ 2
s ds

)
P

−→ m2c1

∫ t

0
b̃2udu.

n fact, for the proof of the above results, one only needs to make straightforward adjustments for the following quantities
n the proof of Theorem 1 and hence the related subsequent calculations: Jn(p) = [([t/∆n] − m − 2)/(2(p + m + 1))],
aq(p) = 2(q − 1)(p + m + 1), bq(p) = aq(p) + 2p (see (A.30)). Note that the terms η(j,m)ni for j = 5, . . . , 8 are always
negligible in proving the asymptotic theory of V (ν; θ1,m)nt . In the case of σ̃ ≡ 0, for 1/2 < θ1 < 4/5, by Lemma 1,
ne can easily find that the three terms η(j,m)ni , j = 2, 3, 4 have the same magnitude and are the dominant terms; for

4/5 < θ1 < 1, η(1,m)ni is the dominant term; for θ1 = 4/5 the four terms η(j,m)ni , j = 1, 2, 3, 4 have the same magnitude
and are the dominant terms.

Proof of Theorem 2. The theorem follows straightforwardly from the stable convergence in Theorem 1 and result (15). □

Proof of Proposition 3. The proposition follows straightforwardly from (A.58) and result (A.46). The derivation is quite
similar to the proof of Theorem 1 and hence omitted. □

Proof of Theorem 3. The theorem follows straightforwardly from Proposition 3 and (22). □

Appendix B. Asymptotic property of the test statistic Tn when volatility is rough

In this section, we study the asymptotic property of the test statistic Tn under rough volatility alternatives. We consider
the following rough volatility specification for the efficient log price process{

dXt =bt dt + σt dWt + dJt ,

d ln σt =̃bt dt + σ̃t dBH
t , 0 ≤ t ≤ T ,

(B.1)

where BH
t is a fractional Brownian motion with Hurst parameter H , and the integral

∫ t
0 σ̃s dB

H
s should be interpreted as a

pathwise Riemann–Stieltjes integral. We assume that σ̃ is a process with paths of finite q-variation with q < 1/(1 − H),
hen

∫ t
0 σsdB

H
s is well defined as a pathwise Riemann–Stieltjes integral (see, e.g., Corcuera et al., 2006, Liu and Jing, 2018).

hen 0 < H < 1/2, the paths of BH are rough, yielding rough volatility processes.

ssumption 3. The observed log price process and the latent log price process are given by (2) and (B.1) with 0 < H < 1/2,
respectively. The conditions (ii) and (iii) of Assumption 1 hold. The drift processes b and b̃ and the volatility processes σ
and σ̃ are all adapted, locally bounded, and càdlàg. σt > 0 and σ̃t > 0 for all t ≥ 0. σ̃ is a continuous process with paths
of finite q-variation with q < 1/(1 − H).

We have the following theorem.

Theorem 4. Suppose that Assumption 3 holds, θ1 > (4H + 1)/(4H + 2) and (1 − θ1)H/(2 − β) < θ2 < 1/4. Then,

Tn ≍P n
2
5 (1−H) and Tn

P
−→ ∞,

where an ≍P bn means an/bn = OP (1) and bn/an = OP (1).
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P

U

T

(

w

roof. By (B.1) and the continuity of σ̃ , for t > s, we have

σ 2
t − σ 2

s = exp(ln σ 2
s )(exp(ln σ

2
t − ln σ 2

s ) − 1) = σ 2
s (ln σ

2
t − ln σ 2

s + OP ((ln σ 2
t − ln σ 2

s )
2))

= 2σ 2
s (
∫ t

s
b̃udu +

∫ t

s
σ̃udBH

u ) + OP ((t − s)2H )

= 2σ 2
s σ̃s(B

H
t − BH

s ) + oP ((t − s)H ) + OP ((t − s)) + OP ((t − s)2H ).

sing this result and recalling (A.14), we have

η(1,m)ni =
1
∆n

∫ ∆n

0
(σ 2

(i+m)∆n+s − σ 2
i∆n+s)ds + OP

(
1

kn∆n

)
= 2σ 2

i∆n
σ̃i∆n

1
∆n

∫ ∆n

0
(BH

(i+m)∆n+s − BH
i∆n+s)ds + oP (∆H

n ) + OP

(
1

kn∆n

)
. (B.2)

he result (B.2) plus (A.10), (A.12) and (A.27) leads to the following

ν̂(i+1)∆n − ν̂i∆n = 2σ 2
i∆n
σ̃i∆n

1
∆n

∫ ∆n

0
(BH

(i+1)∆n+s − BH
i∆n+s)ds + oP (∆H

n ) + OP (n−θ2(2−s)).

Note that by the self-similarity property of BH , BH
(i+m+s)∆n

− BH
(i+s)∆n

has the same distribution as ∆H
n (B

H
i+m+s − BH

i+s).
Therefore,

1
∆n

∫ ∆n

0
(BH

(i+m)∆n+s − BH
i∆n+s)ds

d
= ∆H

n

∫ 1

0
(BH

i+m+s − BH
i+s)ds.

Then by using similar arguments of the proof of Theorem 1 in Corcuera et al. (2006), we obtain that when θ1 >
4H + 1)/(4H + 2) and (1 − θ1)H/(2 − β) < θ2 < 1/4,

n(θ1−1)(1−2H)V (ν; θ1,m)nt
P

−→ 4c2H−1
1 νm,H

∫ t

0
σ 4
s σ̃

2
s ds, (B.3)

here νm,H = E(
∫ 1
0 (B

H
i+m+s − BH

i+s)ds)
2. Let dH = 4c2H−1

1 νm,H
∫ t
0 σ

4
s σ̃

2
s ds, hence, we have V (ν; θ1,m)nt = (dH + oP (1)) ×

n(1−θ1)(1−2H). Similarly, we have PV (ν,m)nt = OP (n1/2−H ) and BV (ν)nt = OP (n1/2−H ) for θ1 = 3/4.
Finally, by (B.3), for H < 1/2, we have

n1/5V (ν; 4/5, 1)nt = n1/5
× (dH + oP (1)) × n(1− 4

5 )(1−2H)
= (dH + oP (1)) × n

2
5 (1−H),

B̂t = n1/6
× OP (n(1− 5

6 )(1−2H)) = OP

(
n

1
3 (1−H)

)
,

Υ̂t = min

{
27
c31

ˆ∫ t

0
γ 4
s ds, 9BV (ν)nt /2

}
P

−→
27
c31

∫ t

0
γ 4
s ds,

ˆ∫ t

0
γ 2
s ds

P
−→

∫ t

0
γ 2
s ds,

which lead to

Tn =

n1/5 3
2

(
V (ν; 4/5, 1)nt −

2n−1/10

c21

ˆ∫ t
0 γ

2
s ds

)
− c1 3

2 B̂t√
Υ̂t

=

3
2dH + oP (1)√

27
c31

∫ t
0 γ

4
s ds

× n
2
5 (1−H)

+ OP

(
n

1
3 (1−H)

)
,

completing the proof. □
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